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Abstract
This work sets out the basic principles of modern error-correction coding optimization theory, before moving
on directly to consider multithreshold decoding (MTD) algorithms. These iterative algorithms, with each
symbol correction iteration, always find decisions of strictly increasing likelihood, and can achieve optimum
results that would normally require exhaustive search of all possible code words.
It reviews the capabilities of symbolic codes, discovered by the authors, and the corresponding, simple-toimplement special symbolic MTD decoders, which are easier and more efficient than all other known methods
of decoding non-binary codes. Concatenated parallel-type arrangements and other configurations that enhance
the efficiency of MTD are proposed. The efficiency limits of real codes with a code rate close to channel
capacity, i.e. when R≈C, are evaluated. The effectiveness and complexity of error-correction procedures in
software and hardware implementation are assessed.
This work will be of interest to experts in the field of coding theory, communication system developers, and
undergraduate and postgraduate students in relevant disciplines.
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Scientific editor’s foreword
The development of modern civilization is increasingly founded on the use of information technology.
Sweeping digitization is making it possible to place the processes of data creation, transmission, storage and
processing on a new footing, guaranteeing a high degree of integrity and availability of digital information.
However, the current phase of information technology development is also characterized by a very sharp and
significant increase in demands in terms of the reliability of digital data. In this context, modern errorcorrection coding methods have a major role to play in ensuring a high level of reliability and quality in the
transmission and storage of discrete information.
The development of error-correction coding theory and techniques has a long history going back more than
fifty years, during which time approaches to resolving the key problem in this discipline  namely, achieving
the simplest and at the same time most effective decoding  have changed repeatedly and very significantly.
The first major direction taken by coding theory was the development of error-correction algorithms based on
finite-field algebra. Then came the Viterbi algorithm era. From the theoretical point of view this algorithm was
the most complex, entailing exhaustive search, yet it was so effective that for a long time all advances in coding
theory as well as the development of specific error-correction systems for satellite communications centred
around this method. This despite the inability to use long codes for the Viterbi algorithm because decoding
complexity increases exponentially with code length.
The next stage in the continuing search for effective coding techniques led to the successful implementation
of concatenated codes in communication technology. Indeed, as was predicted by theory, it actually turned out
in practice that concatenated codes were able to provide much better error-correction characteristics with less
decoding complexity than the original non-concatenated methods. Even with the great progress made in coding
theory as well as in microelectronic technology, however, up to the end of the 1980s the characteristics of
coding and subsequent decoding systems still remained very far away from the theoretically possible limits.
Only with the emergence of turbo codes in 1993 did it become apparent to specialists that something
approaching full utilization of digital communication channel capacity was already a very real technical aim.
A host of turbo-type codes and some others proved that there is indeed a genuine possibility of much more
efficient use of the capacity of space, satellite and many other digital communication channels than hitherto
possible; and these channels are very expensive. Using certain codes of these types, the power of Gaussian
channels can in principle be only a few tenths of a dB higher than determined by the basic theoretical inequality
for code rate R and channel capacity C: R<C.
Subsequent achievements and prospects in coding theory are usually associated with low-density parity check
(LDPC) codes. Their decoding complexity was a bit less than for turbo codes, but still too great. Nevertheless,
the industry mastered the production of this type of decoder, too, paving the way for talk of further progress
in coding techniques.
That having been said, all examples of the use of turbo and LDPC codes with acceptable parameters have
shown yet again that the decoder characteristics for these codes are significantly worse under real conditions,
owing to unavoidable simplification of these algorithms in comparison with the ideal conditions of their
simulation in research laboratories. The dramatic decline in coding gain  a parameter directly characterizing
the code’s usefulness for systems such as satellite communications  can be as much as ~0.5 to 1.0 dB with
real decoders. This indicates that we are very far from a final solution to the key challenge in coding, i.e.
correction that is easier, faster and operates at higher noise levels. It should also be pointed out that decoder
processing speeds for the codes discussed above, even when implemented with state-of-the-art
microelectronics, are not as high as often required, which also greatly limits their application.
The benefit derived from the use of coding, for example in binary data transmission, is usually defined by the
specific parameter “code gain” (CG), which simply characterizes the extent to which the transmitter power of
a communication system is increased through the use of good coding techniques and, more importantly,
effective subsequent decoding of the received digital stream. As its value can represent a factor of up to 3, 5
and even 10 or more (over 10 dB), one can understand the vital importance of coding, which confers such a
huge power supply on a communication system. In 1980, the famous American expert and author of seminal
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works on coding theory, E. Berlekamp, asserted in one of his surveys that every saved decibel of
communication channel power is worth around a million dollars. On that basis, given the current scale of
digital networks, the economic effectiveness of coding has grown severalfold, thanks to the significant increase
in digital data transmission speeds, the smaller sizes of  very expensive  antennas, the multiple increase in
communication range and the many other very important advantages for digital communication systems
stemming from the use of error-correction coding. This underscores the importance for the entire telecom
industry of work to develop effective decoders; indeed, error-correction coding is invariably among the most
topical issues at dozens of annual international conferences.
The current situation in regard to research and application of non-binary codes and the corresponding
correction algorithms is even more complex and problematic. Some 50 years after the invention of ReedSolomon (RS) codes, it appears that RS decoders remain the best decoders implemented for non-binary codes
to date. Yet even the latest decoder technology for non-binary codes still cannot support the use of RS codes
longer than 255 characters. Therefore, for new Blue-Ray discs and other complex systems for the protection
and safe storage of symbol (byte) data, various combinations of short RS codes are still used, including
concatenated schemes. This fails to enhance the reliability and security of stored data with high levels of
distortions, while significantly increasing the required redundancy for such schemes and substantially reducing
processing speed.
Thus, the actual status of coding theory, with the existing set of specific coding and, most importantly,
decoding methods, is still such that it is far from fulfilling its potential. Even with the implementation of highpower computing hardware, the parameters of the various types of decoders that are available are still way
below what is required in terms of ease of implementation at high reliability of the decoded digital stream in
the case of a strong noise level and high transmission speed.
A new, very effective solution to the problem of minimizing decoding complexity while at the same time
achieving high performance characteristics of coding systems, based on multithreshold decoding (MTD), is
clearly and accessibly described in this book, written by Russian experts in the field of error-correction coding:
Y. Zubarev, Associate Member of the Russian Academy of Sciences (RAS), Professor V. Zolotarev, and
Dr G. Ovechkin, Doctor of Technical Sciences. The first inventors' certificates, securing USSR priority in the
development of this amazingly simple and very effective method, date back to 1972. Over the past 40 years of
research and development in error-correction coding methods, the authors of this book have elaborated a
comprehensive error-correction coding optimization theory, which has already helped to resolve with a good
level of practical application all the basic issues involved in creating codes for MTD, to optimize the decoder
parameters and to identify new types of problems that can be resolved using their new and effective theory.
MTD algorithms, like most decoders for turbo and LDPC codes, are iterative procedures. However, turbo
codes appeared 20 years later than MTD decoders, which underwent very dynamic development and intensive
patenting back in those days, and continue to do so to this day.
The first of the major advantages of MTD algorithms, which were originally designed for binary codes, is that
the majority error-correction procedures they employ allow full parallelization of operations and the creation
of hardware decoders working with theoretically maximum possible performance. This ultimately paves the
way for the development of very simple high-speed decoders of this type with very high performance
characteristics.
Another property of MTD algorithms, constituting a major advantage over many other error-correction
procedures, is that the likelihood of their decisions strictly increases throughout the whole process of error
correction in a message distorted by noise. There is as yet no evidence of other equally simple decoding
procedures possessing such unique properties. Of course, when it achieves the maximum-likelihood decision
an MTD decoder becomes optimum, which typically requires an exhaustive search of all possible solutions,
something which is very elegantly performed, in particular, by the Viterbi algorithm. But MTD complexity is
a linearly increasing function of the code length used, which should thus theoretically be the smallest possible.
Therefore MTD, unlike the Viterbi algorithm, easily handles very long codes, which allows it to offer a high
degree of noise immunity and power gain.
After studying this somewhat extraordinary book, readers will discover an important  some may even say
dramatic  situation: why the MTD algorithm has remained unknown to experts outside of Russia. A wealth
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of results were published in the 1970s reporting on repeated attempts to decode messages in which a certain
proportion of distorted characters had been corrected in the first step of error correction. In all of those studies,
however, it transpired that, on account of the grouping of errors at the output of the decoder after the first errorcorrection attempt, the second decoder was useless, being able, like the first decoder, to correct only
independent symbol distortions in the communication channel. The occurrence of such a severe error-grouping
effect at the output of the threshold decoder (TD), called “error propagation” (EP), and the complete dearth of
ideas on how to minimize this effect, brought all work on the theme of repeated decoding by majority
algorithms to a complete standstill.
Why then has the topic of repeated error correction by such majority methods re-emerged, moreover displaying
record efficiency with the very simplest implementation for the vast majority of encoding schemes? We can
point to two basic reasons behind the high performance of MTD.
First, until the authors of this book, no-one attempted to solve the problem of modifying this simplest of known
decoding methods – majority decoding  to endow it with the ability to rigorously improve its decisions with
every change in decoded symbols. Indeed, endeavouring to derive, from a very simple algorithm, a method
displaying equivalent characteristics to the best exhaustive search processes, while undoubtedly laudable, is
also extremely risky. Yet this very difficult problem was addressed by the authors  and solved successfully!
MTD algorithms, in all their modifications, possess precisely those fundamentally important properties.
Secondly, another  ideologically much more difficult  problem that the authors had to tackle – and managed
to solve!  was detailed analysis of the reasons for error grouping at the output of the majority decoder. It is
precisely this EP effect that is analysed in this book. Once the nature of this effect was properly understood, it
became possible to find codes with a low EP level, immediately yielding a fundamental improvement in MTD
characteristics. All these problems were solved by the authors of this book using special optimization
procedures and mathematical methods that have never before been employed in the area of error-correction
coding.
Only by solving both of these two interrelated complex problems was it possible to create special codes and
iterative MTD procedures with highly simple majority functions. Even at very high noise levels, the new
algorithms, in the course of many iterations, gradually improve the reliability of information received from the
channel and find optimal solutions in the vast majority of cases, a result that is usually achievable only using
exhaustive search algorithms. Moreover, the total number of MTD operations remains quite small.
In actual fact, however, the successful development of MTD algorithms is related to the solution of another,
third, classical problem, namely optimizing functionals involving a very large number of variables. As the
authors quite rightly point out, the possibility of simultaneous variation of a whole series of code and decoder
parameters, in particular check weights, threshold element values and differentials in the polynomials of the
codes used, creates additional conditions for improving MTD decoder performance. There may be hundreds
and even thousands of such tunable elements in decoders. Incorporating automated computer search of
optimized algorithm parameters based on decoder decision error probability right from the design stage
significantly improves the already quite high performance of MTD without any increase in the quantity of
computations in the decoder with these improved parameters. Note that for other decoding systems one cannot
contemplate even posing this third problem, because it can only arise in parallel with the solution of the first
two problems of effective and easy decoding for MTD algorithms described above.
Thus, success in terms of both theory and application in the area of simple and effective decoding using MTD
is determined by simultaneous successful solution of the three extremely difficult problems described above,
each of which is in one way or another related to meeting the challenge of optimizing functionals involving a
large number of variables. It is on productive application of optimization principles in all stages of MTD
research and development that the success of new coding theory for information theory and communication
technology depends. Inadequate solutions in any single one of them would reduce the value of potential
achievements in the area of iterative majority decoding schemes, insofar as in this case all their characteristics
would steadily deteriorate.
Some other very unusual methods in relation to traditional ways of decoding are presented in this book. In
practice, they all serve the ultimate goal: maximizing decoder efficiency while minimizing design complexity.
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These include various concatenating methods, especially parallel concatenation, as well as codes with separate
branches.
Among the algorithms proposed in this book, symbolic (non-binary) codes and their corresponding special
high-speed symbolic MTD decoders occupy an important place. They were discovered in 1984, and still do
not have any equivalents or competitors in other coding areas. They have already completely resolved the
problem of coding and high-speed decoding of large byte arrays with any given reliability at very high speeds
by simple technical means. They overlap considerably in terms of effectiveness with RS codes, remaining just
as simple to implement as their counterpart  binary MTD. Surprisingly, in many decades of development of
coding theory, such an obvious extension of majority methods to non-binary digital data streams has not been
explored by any researcher in the world, apart from one of the authors of this book. The advantage of nonbinary MTD over RS codes is so immediately great that it can be stated to all intents and purposes that these
codes and algorithms, discovered thirty years ago [11], mark a new era in the processing of symbolic
information. There are quite simply no other methods with reasonable implementation complexity that can
compete with this type of MTD in terms of performance. As in the development of other useful approaches to
error correction, the authors have achieved very significant results for non-binary codes by switching to much
longer codes than the only ones available to date, RS codes. Obviously, symbolic MTD displays the extremely
low decoding complexity inherent in majority methods. A non-negligible factor in achieving such uniquely
high performance with the new decoder lies in the fact that there is no need to use multiplications in non-binary
fields, as well as the fact that symbolic code lengths are entirely independent of the size of the symbols used.
It is precisely these two properties that make symbolic MTD so extremely simple to implement. Therefore,
these codes will inevitably find widespread application in the processing, storage and transmission of audio,
video and other data types.
It is also interesting to note that MTD algorithms, created to combat errors in data transmission paths, could
be successfully applied as they stand to improve error-correction coding, and for data compression, in other
words simultaneously solving the second most important problem in information theory – coding of certain
types of sources. Details of these methods can be found in other publications by the authors.
Finally, it should be emphasized that all these MTD algorithms are so simple to implement and at the same
time so highly effective that their software versions have successfully passed stringent tests and have been
adopted for use in special digital television systems, and the process of standardization has been started for the
corresponding codes.
This book should certainly have come out some 15 years ago, in which case we would now be talking about
the next revised edition. All this time, however, the authors have being striving to acquaint the scientific and
technical community with their new developments in coding theory. An important event for the Russian
specialists was the release of the handbook "Error-correction coding. Methods and algorithms", written by
V. Zolotarev and G. Ovechkin and edited by Y. Zubarev, published by Goryachaya liniya – Telekom ("Hot
Line - Telecom") in 2004 in Moscow, Russia. The handbook helped to expand the sphere of application of
MTD algorithms and significantly boost their development for a wide range of applications.
Some additional theoretical and applied results can be found in three monographs on MTD, published in the
USSR and Russia (see References) and in more than 200 other texts on these algorithms.
A major contribution to coding theory and techniques has been made by the regular reports presented by the
book’s authors at the traditional annual International Conference on Digital Signal Processing in Moscow over
the last seven years. There are very well-stocked specialized bilingual websites on MTD methods, widely
known among specialists, namely the Russian Academy of Science’s Space Research Institute (SRI RAS) site
at www.mtdbest.iki.rssi.ru, and the Ryazan State Radio Engineering University (RSREU) site at
www.mtdbest.ru, containing around 400 theoretical, methodological, educational and demonstration items
about these algorithms, even including a series of special video clips providing particularly clear and dynamic
demonstrations of the properties of MTD decoders. These portals are possibly the largest of all
telecommunication sites and without doubt of the sites of all telecommunication corporations in Russia devoted
to error-correction coding.
The above sites are also home to a unique collection of demo programs for the best known error-correction
methods. Anyone wishing to do so may download the demo programs presented, together with instructions for
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their use, and compare their real potential. The exceptional usefulness of this accomplishment by the authors
of this book cannot be overstated.
In concluding the presentation of what is clearly a quite extraordinary book, in terms of its methods and results,
about the most prominent achievements of Russian scientists in the field of error-correction coding in recent
years, we wish the authors and their colleagues and students further success in the boundless domain of highquality digital networks. The launch of such an important monograph for communications theory and
engineering at a time when the world community is intensively engaged in the transition to all-digital methods
of data creation, storage, processing and transmission will without doubt speed up all communication system
development processes and stimulate the further growth of information service quality in our technological
civilization.
The rapid development of coding technology and hardware components will further expand the MTD
algorithm’s sphere of application. Of course, decoder implementation will soon become an achievable task in
a number of other coding methods, too, even if they currently still seem too complex. But only error-correction
coding methods that expend their computation resources in a targeted and economical manner to solve the
problem of error correction in digital data will really be extremely fast, most effective and highly accessible
for widespread use in communication networks and large databases.

V.K. Levin
Member of the Russian Academy of Sciences
Doctor of Technical Sciences
Professor
Holder of the Lenin, USSR and Russian Federation State Awards
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From the authors
The seminal work "Threshold decoding" by J.L. Massey (1963) marked a new stage in the development of
error-correction coding technology. A clear description of very simple methods with wholly satisfactory
characteristics cemented their place in various communication systems at that time.
The subsequent emergence of the Viterbi algorithm in 1967 took coding techniques to a whole new level in
terms of communication quality, enabling much more efficient encoding, since the proposed algorithm
achieved optimum decoding for short codes in Gaussian channels. This prompted a large number of experts in
coding theory and techniques to address the problem of improving coding efficiency, spurred on by the
conviction that the rapid development of digital technologies would make it very easy to create concatenated
and other more complex coding schemes. In this context, the issue of ensuring that decoders are kept simple
to implement remained on the back burner for a long time, although the need for simpler decoding has never
been completely off the agenda.
While publications on the effectiveness of threshold algorithms did continue to come out in the 1970s, the
prevailing expert opinion on the possibilities of majority decoding schemes was highly conservative. There
were many reasons for this. The most serious argument was the existence of the error-propagation (EP) effect,
which from the outset severely reduced the already low efficiency of threshold procedures on account of the
resulting strong error clustering at the decoder output. Unfortunately, no effective methods of reducing EP had
been found. Nor did efforts to find special codes for majority procedures yield any better results than already
known.
During the same decade, real results that were useful to some extent for threshold decoding practice were
obtained by many experts in re-decoding experiments, particularly for binary convolutional codes. They
demonstrated a small additional reduction in final decoding error probability in channels with a relatively low
noise level. Yet all of these reports did not affect the – legitimate – overall view regarding the lack of
effectiveness of the threshold decoder, particularly at a high noise level.
This book sets out the results of 40 years of research into majority type procedures which suggests that, under
some fairly simple conditions and with some tweaking of threshold decoders, many codes can be decoded
quite successfully, for a wide range of channel noise parameters. The results of application of these improved
majority algorithms, called multithreshold decoders (MTD), turn out in many cases to be close to optimum,
i.e. little different in terms of output error probability from the characteristics of exhaustive search algorithms.
This has been shown by the authors of this book in various publications, both in theory and through simulation
of the relevant procedures for special codes satisfying a set of very strict requirements. Decoders built in
accordance with the principles described in this book have already been successfully implemented in many
communication systems. In all cases of software and hardware implementation of the proposed multithreshold
decoding methods, the authors and developers of communications systems have achieved the expected
characteristics, which were sometimes completely unobtainable with other known error-correction algorithms
with a reasonable degree of implementation complexity.
The main premises which made it possible in practice to raise the effectiveness of extremely simple thresholdtype algorithms to the same level afforded by optimum exhaustive search processes come down to only two
points, resolving the problem of fundamentally improving the quality of majority decoders.
First, majority algorithms can be extremely effective: there are very simple MTD algorithms that are capable
of approaching the optimum decision at all decoding steps, for as long as the symbols being decoded continue
to undergo changes at the threshold element.
Second, while the EP effect in threshold decoding very severely limits the capabilities of majority decoding
procedures, this effect is quite manageable. Armed with a correct understanding and interpretation of it, we
can formulate requirements and criteria that support the construction of codes with a very low level of EP at
the corresponding decoder output and, ultimately, significantly improve the efficiency of iterative threshold
procedures.
The property identified in the first premise is completely unexpected. Yet, after a small but fundamental
modification of a conventional threshold decoder to convert it into a multithreshold decoder, the new decoder
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does indeed acquire the unique property of converging to the optimum exhaustive search decision, if some
very simple conditions are met. It may legitimately be stated that no other currently known simple errorcorrection methods possess such properties.
The second premise deserves lengthy discussion and serious study, which are the subject of one of the chapters
in this book. The successful solution of this complex problem has indeed made it possible to construct codes
that are particularly effective when used in MTD.
The authors hope that, in this book, readers will to some extent find cogent answers to the many natural
questions regarding the complexity, performance and technology of coding and multithreshold decoding. If
interested, our readers will no doubt be able to continue the – potentially very promising for communication
systems – study of MTD procedures, which have already found their place in many developments.
As will be shown below, the main task facing the researcher in devising new algorithms and corresponding
codes is designing, simultaneously, a decoder and a code to be used in it, with a maximum degree of accuracy
and optimization in respect of very many criteria. In other words, the simplicity of an MTD is achieved by dint
of a more sophisticated and carefully organized design phase for both the code and its decoding algorithm. In
this way, the problem of complexity of implementation of the algorithm is purposely transposed so that the
technological challenges of creating a more effective decoder are solved by focusing on those components of
complexity where improvement is the most accessible. For example, in most cases, to minimize the amount of
computational effort required of an MTD, its volume of decoding operations with comparable efficiency is
two or more decimal orders smaller than for the other algorithms, due to the significant amount of decoder
memory using very long codes, which is quite acceptable - and sometimes even necessary - for high-speed
communication systems. Many other important interrelationships between the code and decoder parameters
will also be discussed below.
In concluding these introductory comments, the authors are firmly convinced that this first really
comprehensive presentation of the optimization coding theory, notwithstanding of course certain
shortcomings, will enable readers to find new ways of their own to further increase decoding efficiency using
MTD-based processes as well. Their versatility, high degree of uniformity and extreme simplicity serve to
substantially increase data transmission reliability in channels with low energy and at minimized cost for
implementation of the core process of decoding.
The attentive reader may note that many of the features and capabilities of the algorithm presented are reviewed
and commented repeatedly in the various sections of the book from different perspectives. The authors
recognize the validity of this observation. This has been done in order to provide the most complete,
comprehensive and at the same time clearest possible evidence and explanations of the properties and
capabilities MTD. This approach to presentation of the material is dictated by the fact that, although all the
key results were obtained by simple methods, many of them have not previously been used in the literature on
coding theory and techniques, and are entirely new. Accordingly, the results, properties and characteristics of
the algorithm, which are in many instances not so straightforward and sometimes even unexpected, have to be
introduced gradually and painstakingly. We believe that the variety and form of presentation will help the
reader to understand the results presented in the book, which may sometimes nevertheless take considerable
effort and time to assimilate.
As a final note, it is worth emphasizing that all the research premises, theoretical results, ensuing practical
implications and study findings presented are very simple. They rely solely on the most common concepts of
coding theory and techniques, and do not require any knowledge of specialized domains of other related
disciplines. The very fact that one needs no more than simple theoretical notions and common sense to gain
an insight into the potential of these codes and multithreshold procedures means that students and professionals
can be quickly versed in the new prospects for coding techniques based on the MTD algorithms. In turn, a
good understanding of the capabilities of algorithms of this type will open the way in the future to raising and
successfully solving new issues for the development of increasingly fast, cheap and simple MTD-type decoders
for various communication systems.
The authors would like to thank the very many assistants, enthusiasts and highly skilled professionals who for
many years have been helping them in their research and in applying the results obtained in specific systems
and projects.
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*****
For a visual representation of the effectiveness of multithreshold decoding, our readers are invited to view a
small software animation demo (program designed for IBM-compatible PC with Windows), which illustrates
some important features of MTD procedures for correcting errors in a channel with a high noise level.
Hopefully, the psychological impact of this short “taster” demo will provide the necessary emotional and
epistemological stimulus for fertile work with this book and with MTD going forward. Instructions on how to
operate the demo program and the video itself can be accessed at www.mtdbest.iki.rssi.ru or at
www.mtdbest.ru. These webpages also contain a wealth of different information on MTD algorithms.
A whole range of issues related to coding problems in general and the specific capabilities of MTD algorithms
are also reviewed on our websites – in FAQ pages and in the extensive archive – from which one can gain a
more accurate and graphical insight into the potential of MTD algorithms.
Three very useful laboratory works – also accessible on our webpages – may also be of significant assistance
to our readers in the study of decoding methods based on MTD algorithms.
A few questions not discussed in this book have been analysed in our reference book "Error-correction coding.
Methods and algorithms" (Помехоустойчивое кодирование. Методы и алгоритмы), published by the Hot
Line  Telecom publishing house in Moscow (2004). Online stores, where you can buy both this book and the
reference book, are easy to find at www.findbook.ru, or they can be purchased directly at www.techbook.ru.
A number of aspects of the theory of MTD algorithms were considered in the monograph by V.V. Zolotarev
entitled "Multithreshold decoding theory and algorithms" (Теория и алгоритмы многопорогового
декодирования), published by the Radio and Communications and Hot Line  Telecom publishing houses
(2006), where some approaches to the application of MTD methods are explored in more detail.
Our new monograph “Multithreshold Decoders and Optimization Coding Theory” was published in 2012 by
the Hot Line  Telecom publishing house in Moscow.

V.V. Zolotarev
Y.B. Zubarev
G.V. Ovechkin
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Introduction
The rapid growth in data processing and the development of digital broadcasting systems and computer
networks are imposing very stringent requirements in terms of minimizing errors in the use of discrete data.
The transition of all data creation, storage, use and transmission, and also of broadcast media, to digital
methods currently taking place around the world increases the importance of high-quality transmission of
digital streams. Successful operation of these systems is dependent on special effective devices to ensure data
transmission reliability. The most important contributor to enhancing the reliability of digital data exchange is
error-correction coding theory, which is constantly creating new error-protection methods based on the use of
error-correcting codes.
While increasing reliability with error detection in systems with decision feedback does not entail any
significant difficulties, the problem of high-quality decoding at the receiver, which is unable to organize
decision feedback of erroneously received messages, remains highly relevant and extremely complex,
especially if the level of noise in the channel is significant.
The possibility of using any given error-correction algorithms for systems without feedback is determined by
the very stringent demands made on these algorithms, in terms, for instance, of the number of operations in
the case of their software implementation, or of size, noise immunity, operating speed, power consumption
and ease of manufacture for specialized field-programmable gate array (FPGA) design. A large number of
regularly published monographs on various aspects of error-correction coding theory and dozens of
international conferences on the subject organized each year around the world testify to the tremendous
complexity and the extreme urgency of the problem of efficient decoding.
This book is dedicated to a systematic presentation of a new optimization error-correction coding theory and,
derived therefrom, methods of correcting errors in digital data on the basis of majority iterative decoding
algorithms, which have recently started to attract the attention of specialists in the field of communications
again, after a period of focus on development of the Viterbi algorithm and decoders for turbo and low-density
parity-check (LDPC) codes.
The authors returned to the majority decoding method to a large extent because, although the precept for all
coding theory is increased efficiency with minimal complexity, more or less the only real way of improving
the actual situation in this area is through more sophisticated decoding algorithms and code structures. Thus,
the methods presented in this book could be applied to those algorithms which are really the least costly from
the computational standpoint.
The great importance for communication technology of majority algorithms, which allow the correction a large
number of errors with a number of errors significantly exceeding half the code distance of the codes used,
cannot be overstated. Majority decoders were previously considered in the classic monographs by L.M. Fink
[2], L.F. Borodin [3], J. Massey [4], V.D. Kolesnik and E.T. Mironchikov [5] and in books published later [6,
7, 8]. Then, as is well known, there followed a lengthy period when majority methods were forgotten and little
analysed. An even more essential advantage of majority decoding was the ability to repeatedly improve the
decoder’s decisions, which has been proven, in particular, in the collective monograph [9] with the example
of systematic convolutional codes. This algorithm, called multithreshold decoding (MTD) [10, 11], is also
described in [12, 105] and used in [13].
This book is devoted to consideration of various aspects of optimization coding theory and generalized research
results on multithreshold decoders for binary and non-binary codes used to send messages over channels with
errors and erasures. Special attention is paid to the problem of minimizing the volume of calculations, while
preserving the highest possible coding power performance and low decoding complexity.
The main objectives of the theoretical and experimental studies undertaken, and presented in this book, are:


To establish the theoretical merits of MTD algorithms for linear codes, being comparable in
performance to the best-known algorithms



To analyse specific MTD coding techniques, being no less efficient then the best concatenated
schemes.
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The book is divided into six chapters.
Chapter 1 introduces the basic concepts and definitions used in the subsequent sections.
In Chapter 2, the basic principles of multithreshold decoding for binary symmetric channels (BSC) are
formulated, and MTD decoder decisions are shown to tend to the results obtained with an optimum exhaustive
search error-correction method. Then the principle of MTD’s increasing decision likelihood is extended to
binary Gaussian channels using “soft” modems, non-binary and non-systematic codes, and channels with
erasures. The possibility of using MTD for decoders working with multi-position signals is also considered.
Chapter 3 examines the causes of error-propagation (EP) effect in the threshold decoder for block and
convolutional codes, and non-binary codes. The EP analysis results have served to create a set of codes that
are most effective when used in MTD for different types of communication channels.
In Chapter 4, lower, upper and approximate analytical estimates are derived in respect of the effectiveness of
MTD procedures for different codes.
Chapter 5 is devoted to the study of experimental MTD research results obtained through computer simulations
and specialized test-bench measurements for different types of decoder in channels with additive white
Gaussian noise and other data transmission channels.
Chapter 6 discusses the use of MTD in advanced configurations involving parallel concatenation and other
special coding methods.
Finally, general conclusions are formulated on the study, and directions for further development of work on
MTD are suggested.
It is assumed that readers are familiar with the fundamentals of coding theory and computational methods in
finite fields. The book avoids excessively complex relationships, properties and results from finite field theory,
so as to allow readers to concentrate on understanding the properties and capabilities of MTD algorithms. This
will no doubt help interested readers successfully navigate the problems of building modern error-correction
coding systems and give them confidence in finding ways to further enhance the effectiveness of such systems.
Additional informational, scientific and educational materials on MTD algorithms can be found on the Russian
Academy of Science’s Space Research Institute (SRI RAS) website at www.mtdbest.iki.rssi.ru and the
Ryazan State Radio Engineering University (RSREU) website at www.mtdbest.ru . Both sites are regularly
updated, and also contain pages in English.
It is quite possible that this, the first general monograph on optimization theory and multithreshold algorithms
using methods that are simple and yet sometimes very non-traditional for coding theory, will give rise to
questions on the part of specialists, and will have its shortcomings. All comments and suggestions are welcome,
and should be sent to: RAS Space Research Institute (SRI RAS), 84/32, Profsouznaya str., Moscow 117997,
Russian Federation, for V.V. Zolotarev; MSRTI (Moscow) for Y.B. Zubarev; RSREU (Ryazan) for G.V.
Ovechkin, or by e-mail: zolotasd@yandex.ru or g_ovechkin@mail.ru .
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CHAPTER 1
Coding problem in communication techniques
1.1

Linear codes

The basic concept used to describe an error-correction coding system is the code  a set of possible messages.
Suppose it is necessary to transmit a sequence (vector) consisting of k information symbols I  (i0 , i1, i2 ,...,ik 1 ) ,
each of which belongs to the alphabet size q  2, whereby these characters belong to a Galoiʼs field consisting
of q elements and designated as GF(q). Then the linear block code is given by generating a matrix G with size
k  n, k < n, so that for each information vector I of length k the code vector A  (a0 , a1, a2 ,...,an1 ) is defined
as
A  IG

(1.1)

Note that hereinafter multiplication and addition operations are performed in the field GF(q). When q = 2, the
code is called binary. If q > 2, the code is non-binary.
An important role in assessing the codeʼs capabilities is played by the code rate R = k / n, 0 < R < 1, and the
minimum code distance d.
The distance between two vectors of the same length is the number of symbols in which they differ. A
correcting code's abilities are defined to a large extent by minimal code distance d. The value of d is defined
as the minimum at all pairs ( Ai , A j ), i  j, the distance between code vectors for the given code.
If the first k symbols in the code word A coincide with vector I , the code is called systematic and the last
r = n  k of code symbols are check symbols.
For a given matrix G, a checking matrix H of size r × n can be constructed so that for a code word generated
according to (1.1), the equality
HA  0

holds true.
Note that, in the above formulas, there is no transposition sign, so as to avoid cluttering.
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a)

b)

FIGURE 1.1
a) General view of a binary systematic linear block code coder;
b) Systematic quasi-cyclic block code coder with R = 1/2, n = 6, d = 3

For the technical implementation of coding systems, the fact that in a field GF(q) the sum of the two code
words of a linear code is always also a code word is very useful. It means we can manage with very simple
coding schemes. In Fig. 1.1a), a binary systematic code decoder is presented consisting of k memory cells for
input information and (n  k) at modulo 2 adder (semi-adders).
Figure 1.1b) shows a binary systematic block code coder, corresponding to the generating matrix type
 1 0 0 1 0 1


G   0 1 0 1 1 0 .
 0 0 1 0 1 1



(1.2)

This coder has a 3 bits shift register and one two-input semi-adder. Three informational cells contain the data
to be coded. In this position, the first of three check symbols forms at the output of semi-adder. After a cyclic
data shift to the right, the second check symbol forms at the output of the semi-adder, and then the third. The
code created, as can easily be verified, has R = 1/2, n = 6, d = 3, and belongs to a class of quasi-cyclic codes
[14, 15]. In a linear code, the minimum distance d is equal to the minimum weight of a non-zero code word.
Another large class is convolutional codes, defined by semi-infinite matrices G, consisting of several
rectangular sub-matrices Gi,j of size k0  n0, k0 < n0:
 G1,1

 0
G
0

 ...


G1, 2

...

G1, m

0

G2,1
0
...

0

0

G2, 2

...

G3,1

G3, 2

G2, m

0

0

...

G3, m

0

...

...

...

...

...

... 

... 
,
... 

... 

which, in particular, may be just the separate elements of the field GF(q). In convolutional codes, the equivalent
of block code length n is the constraint length nA, defined as the length of the interval in a semi-infinite
sequence A  (a0 , a1 , a2 , ...)
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A  IG

(1.3)

within the limits of which the values of code symbols aj depend on the value of a symbol ik of a semi-infinite
informational vector I  (i0 , i1 , i2 , ...) .
In a linear convolutional code with R = k0 / n0, minimum code distance d can be determined as the minimum
weight of the initial part of a code word of length nA on condition that at least one symbol ij from the first
information sub-block, i.e. with number j, 0  j < k0, is not zero.
Maximum error correction can be achieved by fully exploiting the potential of the codes used. In this case, the
correcting capabilities of a convolutional code largely depend not on d, but on the free distance df, which
corresponds to the minimum distance between code words of arbitrary length. For the linear codes considered,
d and df are both minimum non-zero code word weights. According to the definitions, the inequality d  df
always holds true.
In systematic block codes, the generating matrix has the form G = (Ik : P), i.e. presented as the aggregate of
unitary submatrix Ik of order k and rectangular submatrix P of size k  (n  k). Then, the binary code checking
matrix takes the form H = (PT : Ink). In the case of convolutional codes with fixed connection, the initial part
of the submatrix PT transforms into a set of triangular matrices, fully determining the code.

a)

b)

FIGURE 1.2
a) Convolutional self-orthogonal code coder with R = 1/2, d = 5, nA = 14;
b) Conversion of this coder into a quasi-cyclic block coder

In Fig. 1.2a), an example of a coder for a binary convolutional code with R = 1/2, d = 5 and nA = 14 is presented,
given by a generating polynomial g(x) = 1+x+x4+x6. At each step of coderʼs operation, the shift register receives
one information symbol, which is transmitted to the channel together with a check symbol from the output of
a four-input semi-adder. This code corresponds to the checking matrix
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1
0

0
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1

0
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.


0
1
1 1
0 1 1
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0 0 1 1
1 0 0 1 1
0 1 0 0 1 1
.

.






I.








(1.4)

Note that the set of rows 0, 1, 4 and 6 in this matrix have a 1 in the first column and all the remaining columns
have no more than one 1 in the rows in this set.
For decoding the code, its checking matrix can be multiplied by the received channel vector Q  A  E (where

A is a transmitted code word; and E  (e0 , e1 , e2 , ...) is the additive noise vector), creating the vector syndrome:
S  HQ  H ( A  E )  HA  HE  HE ,

which, in a linear code, does not depend on the code vector, but is determined solely by the channelʼs error
configuration. In the checking matrix considered (1.4), the set of component sj of a syndrome S containing as
a summand an error e0 in the first informational symbol i0 will have the form
S0 = e0 + e0v
S1 = e0 + e1 + e1v
S4 = e0 + e3 + e4 + e4v

(1.5)

S6 = e0 + e2 + e5 + e6 + e6v.
This check set, thanks to the property of the matrix H indicated above, contains, in both the information and
checking symbols (marked in (1.5) by additional index v), apart from the error e0, no more than one error with
other non-zero indices. This property of checks containing one decoded symbol in all checks, and the rest in
no more than one of the considered set checks, is called orthogonality. Codes in which components of the
vector S have this property are called self-orthogonal (SOC). These codes, basically, will be discussed below.

1.2

The unity of block and convolutional codes

The unity of block and convolutional code properties was identified a long time ago in [16, 17] and has been
further discussed in [18]. Using the results of [19], we will show how to use extensive sets of convolutional
SOCs to construct block codes with the same values of code rate R and the code distance d.
Figure 1.2b) shows a quasi-cyclic block code, derived from the convolutional code shown in Fig. 1.2a). When
the coding scheme is in operation, the input information sequence is divided into blocks of length k and is input
into the coder in position А of key C (Fig. 1.2b)). Upon completion of the input, the key moves to position В,
and the cyclical shift of the information register on each shift cycle generates the next check symbol of the
block code, which is transmitted to channel together with an information symbol from the cell 0. We shall
show that, for any reasonable value of the code rate R = k0/n0 < 1; k0, n0 = 1, 2, …, a convolutional SOC
generates a quasi-cyclic block code that is also self-orthogonal.
Since the quasi-cyclicity of the considered code is evident from its construction, it is necessary to prove only
its self-orthogonality. It may be recalled that, according to [20], in an SOC the set of checks relating to the
decoded information symbol im will be orthogonal in a convolutional code even taking into account information
symbols with less than m numbers, and not only symbols with only higher indices, as can be seen in (1.5). In
other words, if we consider the full matrix of the convolutional code Hf instead of a triangular check matrix Н
(1.4)
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1 0 1 0 0 1 1


1 0 1 0 0 1

1 0 1 0 0

Hf 
1 0 1 0


1 0 1

1 0

0
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0
1
1 1

:

0 1 1
0 0 1 1
1 0 0 1 1
.

.

(1.6)

then in case of self-orthogonal checks calculated in accordance with (1.5), matrix Hf defines a convolutional
SOC as well.
Suppose that the code constraint length of a source convolutional code is nA. Then any information symbol of
a convolutional code im is not involved in checks related to i0 if the value of m will be greater than m0 = nAR.
In the example of a convolutional SOC with R = k0/n0 = 1/2 and nA = 14 at m0 = 7, it follows from (1.5) that
checks only have errors with numbers less than 6, and taking into account the form of Hf, (1.6) there are no
indices less than –6.
If we now construct a block code so that the information symbol register has a minimum length k = (2nA–n0)R
(in the coder shown in Fig. 1.2b) k = 13), it will correspond to moving the first six columns of the left part of
matrix Hf at least (2nA–n0)R places to the right.
The resulting check matrix HB for a block code in this example takes the form:
1

1
0

0
1

0

HB  1










1 0 1 0 0 1
1

1 0 1 0 0

1 1

1 0 1 0

0 1 1

1 0 1

0 0 1 1

0

1 0

1 0 0 1 1

1

0 1 0 0 1 1
1 0 1 0 0 1 1
1 0 1 0 0 1 1
1 0 1 0 0 1 1
1 0 1 0 0 1 1
0

1 0 1 0 0 1 1
1 0 1 0 0 1 1

:











I13 










(1.7)

where the right upper triangular part of HB is the left part of the matrix (1.6) that has been moved. But this
means that, for any nA and R, all different symbol indices in the left part of (1.6) are transferred to the matrix
HB increasing the numbers by the same value (2nA–n0)R. As a result, even the smallest index with the
information symbol number (n0–nA)R gets the value in the block code
N  (n0  nA ) R  (2nA  n0 ) R  nA R

In this example, N = 7 and, therefore, all new error numbers in the block code with values of at least N are also
different. This ensures orthogonality of checks related to symbol i0 in the code defined by the matrix HB as
well. If we lengthen the register shown in Fig. 1.2b), it is clear that the code will continue to be self-orthogonal,
but the check equations will not have errors with numbers of nAR and probably nAR+1, … etc. As in the similar
case of a convolutional code, orthogonality of checks is also preserved in relation to all other information
symbols.
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Thus, the whole set of SOC-class convolution codes [19-24] for all values of R can be used to construct quasicyclic block codes of the same class.
It should also be noted that it is possible to provide a more compact description of block and convolutional
SOCs, which is used below. From the form of matrices (1.4) and (1.6), it follows that the first column in H
contains “1” in rows with numbers that match the numbers of those cells of the coder that are linked with the
half-adder. Subsequent columns of these matrices are formed by means of a shift of previous k0 columns by
(n0–k0) places down. Then, the description of the coder links defines the code completely. Thus, the generating
polynomial defined by enumerating its powers with non-zero coefficients: P = (0, 1, 4, 6) defines convolutional
and block codes for this example. In addition, the length of a block code should be at least 26 (in the general
case 2nA–n0), in order to preserve the self-orthogonality.
Of course, polynomials of known self-orthogonal block codes [14] can, conversely, be used in convolutional
codes, whereby the constraint length of the convolutional code nA will be no more than the length of n source
block SOC. It is clear that the self-orthogonality property of the convolutional code results from the fact that
its check system is obtained from the check system of the block code simply by deleting part of errors from
initial check equations.

1.3

The communication channels

There are quite large differences in patterns of errors in various communication channels. Therefore, in
addressing the problem of reducing the number of incorrectly decoded messages, the channel model chosen to
describe the error flow generation plays an important role. Four channel models are considered here.
1)
In the analysis of many algorithms, a random channel error pattern is assumed, where distortion
of the next transmitted symbol occurs independently of the other symbols in the message with a
probability p0. A model of such a binary symmetric channel without memory (BSC) (Fig. 1.3) is
quite consistent with many high-speed high-frequency channels in satellite and space
communication systems [13, 25], a field abundantly studied from the theoretical angle, which
makes the results obtained in this area particularly valuable.

FIGURE 1.3
Model of a binary symmetric channel with quantization of output signal to M = 2 levels, hard modem

It can be expected that codes and their decoding algorithms which yield good results in channels with
independent errors will support entirely acceptable performance as components of algorithms for some
channels with a more complex error pattern, too. Therefore, the results presented below relate mainly to
channels subject to additive white Gaussian noise (AWGN) affecting information being transmitted, for
example, via satellite channels.
2)

A channel with AWGN may use not only hard modems, which form a digital channel without
memory (BSC-type) and make decision “0” or “1” on received binary symbols. It may be required
that the modem be soft, i.e. able not only to make binary decisions, but also to assess their
reliability. Thus, the output signal will be quantized to М = 4, М = 8 or М = 16 levels, and the
modem decisions become, for example, the sequences of two, three or four bits, as shown in
Fig. 1.4 for М = 4. The use of soft modem decisions for decoders is an extremely useful feature,
as it increases the communication channel capacity [1, 26]. This, in turn, allows more efficient
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decoding of the received digital flows than with a conventional hard modem, if the errorcorrection algorithms provide a convenient means of accounting for the reliability of the received
bit flow. For example, transition to М = 8 in a binary channel with AWGN can, using Viterbi
algorithm (VA) decoding [1, 25, 31], yield high coding efficiency with a noise level of about 2 dB
higher compared to a hard modem with М = 2. This sharp increase in power efficiency, while in
practice maintaining the same VA complexity, creates the conditions for widespread usage of soft
modems in high-performance digital communication systems.

FIGURE 1.4
Model of binary symmetric Gaussian channel with output quantization to М = 4 levels, soft modem

3)

The third type of channels is formed, for example, on the basis of q orthogonal signals in the
channel with AWGN. A model of this channel for q = 4 is shown in Fig. 1.5. In this case, in the
transmission of each q-ary symbol independently of the others, there is a probability of (1–p0) that
it is correctly determined at the receiving end, and a probability of p0/(q–1) of some incorrect
decision on its meaning. All incorrect decisions in this case are naturally equally probable. We
shall call such channels q-ary symmetric channels (QSC).

FIGURE 1.5
Model of q-ary symmetric channel, q = 4

4)

In the case of a symmetric channel with independent erasures with any base q (Fig. 1.6), it
emerges that the symbol can be either received correctly with a probability qs = 1–ps, or erased
with a probability ps. In many real systems, the opportunity to present the channel as erasing may
dramatically simplify the decoding process with very high reliability.
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FIGURE 1.6
Model of q-ary symmetrical erasure channel, ErSCq

1.4

Channels with multi-position signal systems

When using high-power signals, good coding power efficiency can be obtained through the combined use of
multi-position modulation and coding systems [13, 26, 127]. In this case, the bandwidth of the signal used can
be greatly reduced in comparison with a conventional binary transmission, despite the increase in the binary
flow on account of redundant symbols.
Let us consider some of the principles of setting up a correspondence of binary code vectors and a complex
system of signals for the example of quadrature-amplitude modulation QAM16. The location of signal points
in the QAM16 system is shown in Fig. 1.7.

FIGURE 1.7
Two-dimensional signal positioning system for QAM16

Binary bit pairs on the horizontals and verticals give an idea of one of the variants of the correspondence
between signalling points and bit fours that are directed to a transmitter modem from the coder, and then from
a demodulator to the decoder of the receiver. To ensure a sufficiently good correspondence of modulation and
coding systems, it is important that all the signals differ from the vertical and horizontal adjacent components
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in only a single bit, and from diagonal adjacent components in two bits. This mapping is called coding with a
two-dimensional Gray code [13]. In fact, it is possible confirm that the Hamming weight gain for the difference
of binary representations of signal points takes place at a separation from any source signal not only by 1, but
by 2 places. This improves the coding performance in modems with complex signal systems.
Similar properties can be valid also for an increased number of signal points within an orthogonal signal system
on a plane or in spaces of greater dimension.
The correspondence between signals and their binary representation in the case of a multi-position circular
system of signals, such as phase manipulation FM2m, is organized in the same way. It is easy to see that in the
case of FM2m it is also possible to increase the Hamming weight gain for the binary representation difference
between all signal points (Fig. 1.8) which are adjacent or distant from each other by two positions. These
properties of modulation systems can be actively used in the joint application of effective codes and any
number of complex multi-position signal systems.

FIGURE 1.8
Correspondence of binary sequences to signal points of FM8 a) and FM16 b) systems using Gray code

1.5

Decoding algorithms for correcting codes

The major challenge in tackling the interrelated tasks of finding good error-correcting codes and studying their
properties, constructing code bounds, analysing channel models and other issues useful for communication
technology is to develop efficient decoding algorithms for different codes. Solving this problem directly
determines both the degree of efficiency of very expensive communication channels and the costs of creating
coders and decoders implementing these algorithms. The current situation of decoding technology is
summarized below. We confine the scope of our analysis to only data transmission systems without feedback
from the receiver to the transmitter, channels with AWGN and linear codes, which considerably facilitate the
implementation of decoders.
The development of the fundamental ideas of V.V. Kotelnikov [27] and K. Shannon [28] pointed specialists
in the field of communications towards ways of improving transmission quality without increasing signal
power. This made it possible to progress relatively quickly along the difficult road from the first very simple
codes to key algebraic code structures like Bose-Chaudhuri-Hocquenghem block codes (BCH) [29, 30]. These
heralded a period of constructive development of error-correction coding theory, which first proved extremely
interesting existence theorems. Only then did results begin to appear that could be considered to some extent
practical and applicable.
The next important step in the development of the coding theory and techniques was the appearance of the
threshold decoders (TD) of the famous American expert James Massey [4, 124]. Threshold (majority)
techniques were quite rightly rated as the most important practicable decoding methods of their time. However,
for the approaches set out further in this book, it is equally important to note the fact that the emergence of TD
was associated with completely new design methods of code construction and performance assessment.
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Unfortunately, the correction potential of TD was not sufficiently high. Therefore, experts continued to search
for new approaches for the implementation of effective decoders.
The greatest influence on the development of error-correction technology was initially exerted by the discovery
of the Viterbi algorithm (VA) for decoding convolution codes [25, 31]. Even for short convolutional codes
with coding register lengths of К = 5…7 and code rates of R = 1/3…3/4, and in the presence of high channel
noise, the error correction levels obtained were so impressive that, generally speaking, for many years VA was
quite rightly recognized as the most appropriate error-correction procedure in space and satellite
communication systems [1, 13, 26].
Another extremely important step in the development of coding theory and techniques was concatenated codes
[32]. Concatenated codes significantly facilitated the task of ensuring high reliability of digital data
transmission at medium noise levels. Further development in this area revealed the high efficiency of
concatenated designs used in the internal stages in concatenated convolutional codes with Viterbi decoding
[1, 26, 33], and in the external stages with Reed-Solomon codes (RS). Intensive development of various
concatenated procedures is also the foundation for current progress in decoding techniques [1, 35, 75, 89, 92,
97, 103, 109, 116, 118, 122].
Along with the aforementioned error-correction methods, multithreshold decoders (MTD) [1, 57, 103, 104,
105] of self-orthogonal codes (SOCs), which are the subject of the research in the remainder of this book, are
now being actively developed. These algorithms are characterized by a very low implementation complexity
while still displaying fairly high power efficiency. As will be shown below, MTDs support high reliability in
data transmission at a very high noise level and virtually unlimited speed. MTDs also have a unique feature,
in that, throughout the error-correction process, they only move on to decisions of increased likelihood. In
many cases, MTD algorithms under development since 1972 achieve optimum – i.e. maximum-likelihood –
decision at a significant noise level with decoding complexity linear to code length.

1.6

Decoding efficiency

As it is known, in data transmission over a binary symmetric channel, there is a channel capacity value, equal
to [7, 34]
C  1  p0 log2 p0  (1  p0 ) log2 (1  p0 )

(1.8)

(where p0 is the error probability in the BSC), such that, when the condition R < C is fulfilled, there is a binary
linear block code with length n such that the probability of block decoding error PB(e) cannot be worse than

PB (e)  ae Bn

(1.9)

where  B is a positive parameter depending on R and C, called the reliability function; and a is a constant.
А similar result holds for convolutional codes with some other dependence of  C versus R and С.
In case of soft reception of binary symbols via a channel with additive white Gaussian noise, channel capacity
is slightly higher than for hard reception in the BSC-type channel [1, 26]. This phenomenon is very actively
used in many communication systems for more efficient transmission of digital flows using soft modems.
Thus, there are codes for which, with R < C, decoding error probability, when using sufficiently effective
methods, will exponentially tend to zero as code length n increases. Unfortunately, the vast majority of
decoding methods available to technology are much less efficient, insofar as they do not fully realize the code
potential. In addition, these codes have much more modest features than the best of the possible sufficiently
long codes.
Therefore, in comparing the various error-correction methods, it is important to have practically convenient
coding efficiency criteria.
Let us consider the first criterion of relative signal power. When designing communication systems, it is always
useful to assess the conditions in which any given systems and components of the communication equipment
will operate. For example, by varying such an important parameter as the code rate R, it is possible to choose
the degree of bandwidth expansion b = 1/R in the course of coding that will support implementation of an
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error-correction coding system with moderate hardware complexity for decoding messages at the receiving
end.
In addition, it is always useful to know the value of specific signal bit power to spectral density noise power
ratio in the channel, Eb/N0, for the communication system being designed. This gauges how far the new system
lies, in terms of the selected coding system parameters, from the potential bounds defined by the main
theoretical limitation R < C. Therefore, when creating a coding system after selecting a particular level of
reliability to be provided by the new coding system, it is useful to plot the point corresponding to the selected
parameters R and Eb/N0 on a graph for the limiting relations of R and Eb/N0 [1] (Fig. 1.9). As an example, a
point A is plotted, corresponding to a Viterbi decoder with K = 7, for which R = 1/2 and Eb/N0 = 4.5 dB at a
selected typical decoding error probability per bit Pb(e) = 10–5.
As it is seen from graphs of the extreme possible minimal Gaussian channel power for hard and soft modems
shown in Fig. 1.9, the difference in this major coding parameter with R = 1/2 is close to 1.6 dB. It is particularly
important for many applications that, as the code rate R increases, the theoretical boundary for minimal power
Eb/N0 goes up. This is a serious limitation in the choice of coding redundancy level. Many communication
systems have no very stringent requirements to minimize expansion of the signal spectrum due to introduction
of coding. Therefore, it is usually possible to rely on recommendations that it is desirable to choose the code
rate R no greater than RL = 0.8. The values R = 3/4 and R = 1/2 can be considered to be sufficiently typical
values of the code rate R and, if peak low values of Eb/N0 are required, for instance in long-distance space
communications systems, it is often recommended to use R = 1/4 and even lower values.

FIGURE 1.9
Lowest possible bit signal power to noise power spectral density ratio in the binary Gaussian channel,
Eb/N0, as a function of the choice of code rate R, for soft and hard modems

As is known, in the limit of R  0 it is theoretically possible to achieve a power level of the order of
Eb/N0 = –1.6 dB [1]. For certain finite values of R, it may be specified that for a soft modem with R = 1/2 the
minimum possible level in condition R ≲ C is Eb/N0 = 0.2 dB, and with R = 4/5 it is Eb/N0 = 2.1 dB.
Thus, the allowable level of signal spectrum expansion and the required level of signal power Eb/N0 when
using the coding capabilities determine the possibilities and specific choice of the code rate R at which the
designed digital communication systems will operate.
Another widely used coding efficiency criterion in communication, called code gain (CG), determines the
decrease in signal power, i.e. the ratio of transmission power per 1 bit of data transmitted Eb to the noise power
spectral density N0 (a0 = Eb/N0), when using coding compared to conventional transmission without coding
[26]. From the definition of CG, it follows that this is a differential criterion conditioned by the selection of a
given transmission reliability without coding and a value a = Eb/N0 required for this purpose. The theoretical
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minimum achievable value of amin, defined, for example, with condition R = C from the graph in Fig. 1.9, or a
value of aeca defined by the specific error-correction algorithm is then subtracted from this required initial value
a0 = Eb/N0.
Possible CG values can be assessed with graphs (Fig. 1.10) plotting CG limits against the required bit error
probability Pb(e) in binary phase modulation FM2 without any account for decoder complexity and the delay
introduced, i.e. only under the condition R < C. For each curve, a code rate R and number of quantization levels
М are specified.
Switching from M = 2 (the case of hard modem, simply determining which symbol came from the channel) to
a soft modem with М = 8, which assesses the reliability of its decisions, an additional coding gain of about
2 dB can often be obtained with the same code. As R increases, on the other hand, the ultimate code power
possibilities are considerably reduced, even with the best decoding.
As reliability requirements rise, the need for coding also becomes increasingly apparent, since the CG values
attainable by using codes and effective decoding algorithms increase rapidly, as is clearly seen from the curves
shown in Fig. 1.10. This means that the value and necessity of coding are truly indisputable and the importance
of coding can but grow in the future.

FIGURE 1.10
Limit CG values for the condition R < C in a Gaussian channel for various code rates
and numbers of signal quantization levels in the binary modem

It is also useful to see which CG values specific codes and algorithms yield. Curve 6 in Fig. 1.10 shows the
capabilities of the Viterbi algorithm for a conventional convolutional code with a coding information register
length of К = 7 and R = 1/2, which is widely used at the present time. Using the VA, this code yields a CG of
about 5.1 dB at Рb(e) = 10–5, which can be deemed a significant achievement for the 1970s back in the last
century, when these decoders were developed. Although it should be noted that, as mentioned above, about
2 dB of that level of CG were obtained in decoding due to the soft modem.
Curve 7 in Fig. 1.10 represents decoding capabilities based on a very simple version of multithreshold decoding
(MTD) algorithm, which will be the main subject of study, covered in the following chapters of this book. It
is significant that this graph corresponds to MTD operation with a hard modem, i.e. transmission via BSC at
М = 2, and at R = 1/2 yields CG = 5.6 dB for Рb(e) = 10–5. This example shows how effective the application
of very long codes used in MTD really is, insofar as even with a hard modem and using rather simple methods
they can yield higher performance than obtained from soft VA.
As you can see from comparison of the graphs for the marginal capabilities and actual characteristics of some
codes, the bound R = C, which is attainable in theory, is still very far away. Ways to achieve greater levels of
CG by possible simpler methods will be discussed in later chapters of this book.
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It also should be noted that coding efficiency can also be compared through third, natural criterion, which can
be referred to as performance or, for convenience, simply “efficiency”, because its meaning is entirely
consistent with the standard parameter of efficiency in respect of various physical processes.
The concept of “channel use efficiency” is directly related to the limit values amin = Eb/N0, which correspond
to the equality R = C. In the calculation of efficiency, it is necessary to take the ratio amin for this equality and
determine the specific operating value aeca for the decoding algorithm concerned. The difference between the
two is a measure of the channel efficiency in decibels. In addition, if this difference is converted into a
percentage, it represents the efficiency – the exact equivalent of efficiency in respect of many physical
processes.
For example, suppose the equality R = C corresponds to a specific value amin, and the error-correction algorithm
being analysed, with the same code rate R and a given decoding reliability level, operates at ad, exceeding a0
by 3 dB. These 3 dB are the value that directly reflects the difference between the capabilities of the selected
decoder and the theoretical limit values amin. However, 3 dB is a factor of 2 in power terms. It is by this factor
that the transmission power for this decoder exceeds the possible minimal theoretical value. Which means that
the efficiency of use of the channel by this decoder in terms of power is 50%. If a decoder is found that will
operate with excess power in relation to the theoretical limit of only 0.5 dB, i.e. a factor of 1.122, it is easy to
determine that its efficiency will be 89%.
When analysing the characteristics of various decoding algorithms, it is also useful to know the limiting CG
values for low noise corresponding to these methods. It turns out that these values for the AWGN channel and
a binary message are simply equal to the product Rd in reception as a whole, i.e. for the number of quantization
levels М  , which corresponds to a CG level equal to
G  10 lg[ Rd ]

(1.10)

on the traditional logarithmic scale [26], i.e. in dB.
For М = 2, i.e. in a binary symmetric channel,
G2  10 lg[ R(t0  1)]

(1.11)

where t0 is the maximum integer less than d/2; d is minimum code or free distance of the codes used. From a
comparison of (1.10) and (1.11), it is seen that at the asymptote, as the signal/noise ratio improves, reception
for an AWGN channel generally provides 3 dB more GG than the use of a simple binary modem if d is also
quite large. However, for real, low signal/noise ratios and moderate values of d, the difference is usually close
to 2 dB [25, 26].

1.7

Length of the codes used

As is well known, obtaining high levels of error correction is always associated with the use of rather long
codes. This is not surprising, since only with a very large values of minimum code distance d for block codes
or free distance df for convolutional codes is it possible to spread the allowed code combinations far enough
from each other that they will ultimately be correctly defined by a good decoder at the receiving end of a
communication link. Fig. 1.11 shows low estimates of the average decoding error probability of block codes
PB(e) in a BSC with R = 1/2 and various lengths n of these codes. As can be seen from the curves, to obtain
really small decoding error probabilities in a BSC without memory, it is necessary to choose very large values
of n. Otherwise, achieving good transmission reliability for the BSC error probability p0 ≲ 0.11, as it follows
from the expressions (1.8) and (1.9) with R ≲ C, will be impossible.
From these graphs, it is clear that even at n ≈ 10 000 bits, the channel error probability values p0 at which a
hypothetical optimum exhaustive search decoder could ensure sufficiently small decision-making error
probabilities for the type of the transmitted data block are less than p0 = 0.1. Moreover, this is about a further
0.4 dB below the channel noise level allowed by the limit of R = C. Thus, even these low estimates for the
decoder error probability, derived from the known sphere-packing bound, show that very efficient coding
systems have to use very long codes with n ≈ 105 to 107. This further emphasizes the fact that the errorcorrection algorithms used in communication technology need to be as simple as possible, because only then
will it be possible to decode very long codes quickly and efficiently.
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FIGURE 1.11
Low estimates of the average block error probability PB(e) in a BSC without memory
for codes with various lengths n and R = ½

1.8

Basic requirements for new algorithms

Despite the significant technological advances in error-correction coding technology, in this important area of
research in the field of processing of digital flows with high noise levels one can list a series of serious
unresolved problems, one of which is still inadequate performance of simple error-correction methods and
inordinate complexity of the techniques capable of yielding high CG values.
A good illustration of how high coding and subsequent decoding performance can be achieved, if one turns a
blind eye to the complexity of the algorithms, are turbo codes [35] and many other methods of this type [71-75].
They yield a sufficiently high decoding reliability at Eb/N0 ratios that in some cases are only a few tenths of a
decibel above the level corresponding to the equation R = C. Yet these iterative methods, which appeared
twenty or more years later than multithreshold algorithms, are often much more complex or slower than MTD
decoders.
Accordingly, based on the need to study the use of highly efficient codes with really minimal complexity of
decoding, and taking into account the capabilities of error-correction methods discussed in this chapter, we
may state the main reasons for choosing the majority procedures underlying threshold and multithreshold
algorithms for broad and in-depth research:
•

ability of majority methods to correct a large number of errors beyond the guaranteed errorcorrection capability;

•

low complexity of threshold decoding procedures;

•

ability of the MTD algorithms that have been developed to achieve optimum decisions with very
high noise levels in the communication channels;

•

simplicity of MTD implementation even for very long codes, when they are the only possible
means of achieving the highest possible values of coding efficiency.

This book is devoted to a description of the capabilities of these advanced algorithms and an analysis of their
performance.
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CHAPTER 2
Principle of increasing decision likelihood in a multithreshold decoder
2.1

Efficiency and complexity: Selecting the research areas

The development of efficient error-correction coding methods involves the use of decoding procedures that
are close to optimum, or simply optimum, at least in some of the most critical systems. These include, for
example, decoders implementing the Viterbi algorithm [25, 31], as well as internal decoders of concatenated
coding schemes [26, 33], which provide greater efficiency.
Direct use of the optimum (maximum-likelihood) exhaustive search decoding method is very limited due to
its implementation complexity, which is proportional to qk or, sometimes, qn–k, where q is the code base, k is
the informational part of the code word and n is its length. Therefore, it is necessary to construct decoding
procedures which are not optimum, but are simpler than optimum yet differ from them only little in terms of
performance.
Chapter 1 indicated that one of the easiest methods of error correction to implement is threshold decoding (TD)
[4, 124]. This method can be used to decode convolutional and block self-orthogonal codes, as described in
sections 1.1 and 1.2. An example of a TD scheme for a convolutional code with code rate R = 1/2 and minimum
distance d = 5, given by the generating polynomial g(x) = 1+x+x4+x6, is shown in Fig. 2.1. Note that a TD
decoder is a most simple device, consisting only of shift registers, modulo-two adders and a threshold element
(TE), carrying out summation of checks related to the current informational bit being decoded and comparing
this sum with a threshold. Unfortunately, the effectiveness of this error-correction scheme is very low.
Among the simplest ways to improve the efficiency of error-correction methods proposed in 1970s, it is worth
noting the methods involving repeated decoding of received messages considered by many authors. However,
almost all of them were ineffective due to the strong clustering of errors at the output of the corresponding
decoder. An example of such a scheme with TD [76] for the above-mentioned convolutional code is shown in
Fig. 2.2.

FIGURE 2.1
Threshold decoder of convolutional SOC
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FIGURE 2.2
Example of a re-decoding scheme based on the convolutional threshold decoder

The low efficiency of such a decoding scheme stemmed from strong clustering, i.e. error propagation in a
threshold decoder. If at some point a TD makes an incorrect decision about the next information symbol at
some noise level in a BSC-type channel with independent errors, then this TD usually outputs a highly dense
error burst. For example, suppose that a decoding sequence slightly improved in the first decoding attempt has
come from the output of the first TD (see Fig. 2.2) to the input of the second TD. If there is no error in any
part of the information sequence after the first TD, a second decoder is not needed. However, if an error occurs
in the output of the first TD, which usually prompts a typical long error burst from this TD, then a second
decoder, just repeating the first scheme and configured to correct only random errors, will most probably not
correct this burst. Consequently, the second decoder is also redundant in this case, too.
It should be emphasized that at that time codes with a low error propagation level in TD were completely
unknown. Therefore, attempts to solve the problem of increasing the efficiency of majority methods by re-use
of received flow correction were halted in 1970s. Later, however, this problem was completely resolved by
the methods described in [1, 9, 57, 98, 105]. These will be discussed in depth in Chapter 3. As a result, a new
approach to the implementation of simple yet highly effective iterative error-correction procedures discussed
below takes on great importance. This method, development of which began in 1970 [10], was named
multithreshold decoding (MTD) [1, 9, 10, 86-91, 105].
We may point to two key reasons why majority decoders became the focus of many years of research and
development in order to create highly efficient and simple error-correction methods.
First, a very low number of operations at the threshold element of the decoder means that only a very small
volume of computations is required in the algorithms to be developed. Moreover, it is additionally found that
the computation procedure itself permits the use of a lot of technologically convenient ways of improving
performance of the threshold element making the decision on the decoded symbols. In the course of MTD
development, these propositions were fully confirmed.
The second most important reason to select a majority algorithm as a major focus of research was the unique
ability of majority procedures in many cases to correct many more errors than guaranteed by the minimum
code distance d of the code used. While many of the technological merits of the majority element for different
implementation variants are obvious, this second factor that affected the choice of majority methods needs to
be discussed in a little more detail. Thus, Fig. 2.3 shows the experimental results of double re-decoding in BSC
of a self-orthogonal block code with R = 1/2, d = 11 and n = 1 000. Plotted along the abscissa (x-axis) is the
total number of channel errors in the code block before decoding, and along the ordinate (y-axis) the proportion
of correctly decoded blocks. Curve 1 corresponds to the first attempt to correct the received code block, and
curve 2 the second correction of the same block.
As these graphs show, with 30 channel errors in the block, about 3/4 of the coded messages are fully corrected
by the threshold decoder. Note that, for a code with d = 11, TD guarantees correction of only 5 errors in the
block. Even if the total number of channel errors is around 40, the proportion of correctly decoded blocks after
the first attempt is more than 1/4. It is also clear that when the number of block errors is of the order of 50 or
more, the threshold algorithm practically does not work at all. But even at 40 errors, TD restores the true
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message in an appreciable proportion of received blocks, correcting eight times as many errors as is guaranteed
by the minimum code distance d = 11! In addition, in this code after the second error-correction attempt the
number of correctly decoded blocks for an initial 40 errors doubles and approaches 50%. Note also that at the
second error-correction attempt, the threshold decoder again tries to correct errors beyond the guaranteed errorcorrection capability. Hence, the re-decoding is also useful.

FIGURE 2.3
Simulation results of SOC repeated threshold decoding with R = 1/2, d = 11 and n = 1000

In addition, while the third decoding attempt for the code in question produces virtually no results, the
considerably “higher-than-normal” efficiency of the first and second attempts of conventional threshold
decoding points to the relevance of researching the potential and the specific characteristics of majority
algorithms in depth.
This chapter will first present from a qualitative standpoint the essentially simple ideas underlying the MTD
algorithm, and its ability to consistently converge to the optimum (exhaustive!) search decision. It will then
move on to more formal consideration of algorithms of this type for a classic BSC. It will rigorously prove,
for systematic codes, the genuinely unique capability of decisions of MTD algorithms to tend to the decision
of the optimum decoder (OD). Thereafter, it will consider how to implement the MTD procedures for nonsystematic codes, as well as for a binary Gaussian channel formed by the use of a soft modem. The symbolic
codes discovered 30 years ago will be described, along with their corresponding q-ary (symbolic)
multithreshold decoders (QMTD) [64, 105, 106, 117], before setting out the principles of MTD for erasure
channels. Finally, approaches will be proposed to implement ideas for MTD algorithm decisions tending to
OD decisions for non-uniform power channels and codes with unequal symbol protection. Various estimates
and efficiency limits, real capabilities of MTD decoders and other important application issues will be
addressed in subsequent chapters.

2.2

Principle of global optimization of a functional

Surprisingly, for a long time no link was made between the development of methods for decoding errorcorrection codes and methods of solving the problem of optimization of a functional of many discrete variables.
Yet it would be entirely natural to consider decoding  i.e. the search for a single code word among an
exponentially large number of possible messages  from this angle. The vast majority of decoding algorithms
developed earlier made no use whatsoever of the well-known variety of powerful iterative optimization
procedures in seeking the best decoder decisions. Such procedures could easily be applied to search for code
words at the minimum possible distance from the received message. Note that the Viterbi algorithm, which is
commonly applied in communication technology and used for maximum-likelihood decoding of short
convolutional codes, does not fall within the category of optimization procedures, since it searches for the
optimum decision directly based on a very easy-to-implement exhaustive search method.
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Some decoding algorithms, however, and in particular threshold decoders, already possess almost exactly the
properties that are needed to implement robust, effective and at the same time exceptionally simple iterative
decoding procedures. These procedures can be used to search for the global extremum of a functional of a very
large number of variables. To confirm this, let us consider the simplest example of a convolutional threshold
coding/decoding system with code rate R = 1/2 and minimum code distance d = 3, shown in Fig. 2.4.

FIGURE 2.4
A special form of convolutional coding system, explaining new interpretation of the syndrome vector

As can be seen, a simple majority decoder that corrects one error in this simple example contains an exact copy
of the coder. This copy forms its own estimates of the code check symbols on the basis of informational code
symbols taken from the channel, perhaps with errors. These symbols appear at the point K of the decoder and
then, after summation in the half-adder with check symbols received from the channel V^ , form a syndrome
vector symbols S , which depends only on the channel error vector. These symbols then go to the decoder
threshold element T from the syndrome register.
The type of TD in the coding/decoding diagram depicted already points to a simple way of establishing a
proper optimization procedure, i.e. finding the best possible decoding decision. Let us turn to a fact which has
never previously been discussed relating to any linear code: the decoder syndrome register contains the check
symbol difference between the vector Q  ( I^, V^ ) received from the channel with distortions and the code
word AC whose informational symbols coincide with the informational part of the vector Q received from
the channel.
Hence, the total difference between the code word – the current hypothesis decoder decision Ai on the
transmitted code word – and received noisy vector Q will be in such a modified decoder of majority type,
where only one new vector will be added to the TD, which should always match the difference between the
received vector Q and AI – the current hypothesis of the decoder for informational symbols. This decoder
will contain the current value of the total difference, and it will therefore be possible to measure the full distance
between the current decoder decisions contained in its information register and the received vector. This
distance needs to be reduced to the minimum possible, which will correspond to the optimum decoder decision,
usually achieved by the exponentially complicated exhaustive search methods.
It is this approach to the problem of high-performance decoding that constitutes the basis for the special
iterative multithreshold decoders (MTDs) developed since 1970 [9, 10, 105], which are slightly different from
classic TDs and just as simple to implement as their prototype.
For further discussion, it is also important that, in contrast to the situation shown in Fig. 2.4, the information
part of vector Q does not always have to be directed to the input of the internal coder in the decoder (righthand side of the figure). It is possible to send any information flow to the input of this coder. Then, this
syndrome vector will of course be the difference in check symbols between the vector received from the
channel and the same code word whose informational symbols were sent to the input of the internal coder.
This enhanced understanding of the message syndrome will be actively used in subsequent consideration of
the properties of MTD.
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Thus, the changes that need to be made in a standard TD to convert it to an MTD are simply the following:
Decisions of all threshold elements on changes in decoded symbols must first be stored in the new additional
difference register D, originally, of course, containing zeros. These decisions are then used by subsequent
threshold decoder elements as an additional check for further correction of decoded symbols. Such a decoder
measures total distances between newer potential decisions Ai and the received vector Q. It changes decoded
symbols so that each new decision of such an MTD is always closer to the vector received from the channel.
This makes it possible, in many cases, to implement the correcting capabilities of the codes used almost
completely.
An MTD decoder for convolutional SOC with R = 1/2, d = 5 and nA = 14, discussed earlier as an example, is
shown in Fig. 2.5. Let us note again that, according to the MTD operating rule, its difference register D initially
contains only zeros. Thus, at the first iteration of error correction, MTD works just like a conventional TD.
Only at subsequent decoding attempts does MTD start really to take into account the contents of the
corresponding cells in register D, by virtue of which it retains its properties of improving TD decisions at all
changes of the message informational symbols. Other examples of specific MTD schemes are given in [1, 86,
100, 102].

FIGURE 2.5
MTD decoder for convolutional code with R = 1/2, nA = 14 and d = 5 at I = 2 iterations

After this fairly simple improvement, the decoder acquires new extremely useful properties of convergence
[1, 9, 105]. At every change in the information symbols decoded by the MTD, the latter’s decisions become
consistently closer to decisions of the optimum decoder, i.e. their likelihood rigorously increases each time, in
many cases continuing to ensure that this process occurs even after dozens of attempts to correct the code block
or symbol flow of the convolutional code.
We emphasize that the term “convergence to OD decision” always means simply that when decoding symbols
change, MTD switches to a new, perhaps interim, decision which is strictly always closer to the received
message from the channel than previous decision of the decoder. This also means that the new decoder decision
is always rigorously more likely than the previous one. If the maximum-likelihood decision is achieved, it will
be the optimum decision, i.e. the OD decision. Hence this terminology, which is both convenient and captures
the essence of the processes taking place in the decoder, will be used hereinafter.
Concluding this qualitative visual description of the properties of MTD, we recall that MTD efficiency at high
channel noise levels can be obtained by selecting only specific codes with a low error-propagation level. This
fundamentally important aspect for efficient decoding based on the MTD algorithm is discussed in Chapter 3.

2.3

Multithreshold decoding algorithm

Having expounded the main ideas underlying multithreshold algorithms, let us turn to a strictly formal
justification of their capabilities.
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Suppose we are given binary linear systematic block or convolutional code with the code rate R = k/n, where
k is a number of information symbols and n is the code length.
After transmission over a BSC without memory, an optimum decoder that minimizes the average probability
~
of decoding errors among a set of 2k possible equiprobable code words {A} chooses a vector A , for which the
~
Hamming distance r  | Q  A | (where Q is the received message, Q  A  E ; A is the transmitted code
word; E is the channel noise vector;  is modulo 2; and |x| is the Hamming weight of the vector x) would be
minimal for the whole set of code words {A} .
For convenience in proving the following propositions, let us represent any binary code vector X of length n
by a pair of vectors X I and X V of length k and (п–k), respectively, related to the information and check parts
of the vector:
X  ( X I , XV ) .

Then, assuming that the check matrix of the code has a systematic form H  ( PT : I ) , we have the following
lemma.
Lemma 2.1:
For each code vector A and the received message Q , the following relation is true:
A  Q  ( D , H (QI  D , QV )),

(2.1)

where the vector D of length k is defined by the relation
AI  QI  D .

(2.2)

Proof:
Due to the code linearity

S  H (QI  D , QV )  H ( AI , AV  AV  QV ) 
 HA  H ( 0I , AV  QV ),
where 0I is a zero information word.
As HA  0 , whereas A is the code word, and H ( 0I , AV  QV )  AV  QV , as AV  QV is multiplied only by the
identity submatrix I of the matrix Н, then the vector S is
S  AV  QV .

(2.3)

After substitutions in the right part of (2.1) taking into account (2.2), we find that
( D , S )  ( D , AV  QV )  ( D  QI  QI , AV  QV )  A  Q .

Thus, the syndrome vector S is actually (as was shown in Fig. 2.4) the difference in the check symbols
between the partially distorted message coming out from the channel and the above-defined code word.
The lemma is proved.
The essence of the lemma lies in the fact that the difference B  Q  A for any code word A and received
vector Q is defined by a pair of vectors ( D , S ) . By definition, in D  0 the vector S is a usual syndrome of
the received message Q : S  HQ . For simplicity, with D  0 we will call S a syndrome too, as this
generalization seems natural and does not result in any contradictions.
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~
Searching all possible vectors A , we can find a vector A which minimizes | B | and is the OD decision.
Unfortunately, exhaustive search decoding algorithms are too complex. Therefore, let us consider a decoding
algorithm which is very close to the known threshold error-correction method and therefore very easy to
implement.
1)
Let the decoder at the first preparatory stage perform calculation and memorizing of a syndrome
vector of the received message S . After that, the decoding procedure is launched.

2)

Choose an information symbol ij and calculate for it the usual sum of the syndrome component
s jk , containing as additives the error ej in the decoding symbol ij (i.e. we need to find the sum of
checks s jk {S j } , where {S j } is a set of checks related to the component ej, corresponding to a
symbol ij) and the symbol dj (vector D component), which is also related to decoded symbol ij:
Lj 

s

jk
s jk { S j }

 d j.

(2.4)

Let us assume that initially D  0 , since prior to decoding the decoder memory only contains the received
vector Q , because the decoder does not have any other preferable hypotheses regarding the received message.
Let us choose the threshold T as equal to a half of all addends in (2.4). For SOC, this number is
T = d/2 = (J+1)/2.
3)

Let finally all J = d–1 checks, and also ij and dj are inverted for Lj > T and remain unchanged for
Lj  T.

4)

The decoded information symbol is chosen, and the decoder will return to step 2, unless the
decision is made to terminate the decoding procedure.

For the first decoding attempt, the proposed procedure, while all dj = 0, is similar to the usual algorithm for
TD. Let us now refer to the decoder that implements the proposed algorithm as a multithreshold decoder
(MTD). When performing the basic steps 2-4 of the decoding procedure, all k information symbols of the
message can be searched in any order and – and it is this which constitutes the essence of the multithreshold
method – multiple times, up to 5, 20 or more times. Of course, some of the decoder decisions can be incorrect
for some symbols, and some of these errors can be corrected at the next iteration attempts to decode the same
symbols.
In this case, the following theorem holds true.
Theorem 2.2. Fundamental theorem of multithreshold decoding (FTMTD) [9, 57, 86, 103, 105, 128, 129]:
If at any j-th step of decoding, the MTD changes the information symbol ij, then:
а)

The MTD finds a new code word A2 closer to the received message Q than the code word A1
which corresponded to value ij prior to j-th decoding step:
| B1 |  | A1  Q |  | A2  Q |  | B2 |;

b)

After completion of the j-th step it is possible to decode any subsequent symbol ik, k  j, so that
its change will result in further convergence to the received message.

Proof:
According to Lemma 2.1, prior to the decoding of symbol ij it holds that
( D1 , S1 )  ( A1I  QI , H (QI  D1 , QV ))  A1  Q

where
A1  ( A1I , A1V ), A1I  QI  D1 .

,
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The weight of vector B1 before this step, equal to | B1 |  | D1 |  | S1 | , can be represented as an ordinary sum of
weights W1 = L1j+X, where L1j is defined by (2.4) and is equal to the sum of checks plus symbol dj at the
threshold element, and Х is the weight of the other components S1 and D1 , not included in L1j.
Consider code vector A2 , differing from A1 only in one information symbol ij, and the respective difference
B2  A2  Q . Since B1 and B2 differ only in the components coming into the threshold element, then

| B2 |  L2 j  X , where L1 j  L2 j  J  1 , because due to the code linearity each check and dj are exactly equal
to 1 in one of the vectors Bi .
Since MTD changes ij, if L1j > T, for this it is essential that L2 < L1 and, consequently, | B1 |  | B2 | , which proves
item a) of the theorem.
Further, it is obvious that if the symbol ij was not changed, it is possible to decode any other symbol ik, k  j,
as the conditions of the lemma hold. In the case of change in ij, in accordance with the rules of MTD
functioning, after decoding of ij equations A2 I  QI  D2 and S2  H (QI  D2 , QV ) hold. Here, D2 differs
from D1 in symbol dj, and with changes of checks related to ij through feedback from the threshold element,
those components of S1 are inverted in which S 2 differs from S1 . Hence, we find that after changing ij for the
previously defined vectors D2 , A2 and S 2 the following equation also emerges:
( D2 , S2 )  ( A2  Q )

similar to the one, occurring prior to the change of ij (according to Lemma 2.1). Thereby, for subsequent
decoding steps and changes of symbols ik, k  j, too, further strictly monotonic convergence to the message
received from the channel Q will take place.
The fundamental MTD theorem is proved.
This theorem implies that with each change in decoded symbols the MTD gets closer to the received vector
Q , thus finding new current and more likely vectors Ai . The MTD views and compares not an exponentially
large quantity of code words, but merely pairs of them differing only in a single information symbol, one of
the compared words being in the decoder itself. Where the second code word turns out to be closer to the vector
Q than the code word in the MTD, the decoder will switch over to that word to perform further comparison
with the new intermediate vector Ai . It is clear that in principle it is possible to carry out a large number of
~
decoding attempts for all code symbols. In that way, convergence to the OD decision vector A will be
achieved. It is crucial that MTD complexity should remain the same as for customary TD, namely linear, i.e.
theoretically the lowest possible.
Therefore, the main theorem of multithreshold decoding states that the simplest of known threshold procedures
for each change of decoded symbols consistently secures convergence to the optimum decision, i.e. rigorous
increase in the likelihood of each new MTD decision. In this case, the complexity of the procedure for a
message of length k is not proportional to 2k, but simply to k. There is no known similar proven property of
rigorously monotonic convergence to OD decision for any other decoding algorithms of low complexity.
Although we have just proved the theorem for the MTD algorithm regarding convergence of its decisions to
the OD decision, it should not be forgotten that this is an iterative application of the simplest threshold function
to the decoded symbols. At high noise levels in a channel with random errors, in the first and in subsequent
decoding iterations it is possible that an incorrect decision of the threshold element decoder may occur in
respect of any individual decoded symbols. On the other hand, at all changes of decoded symbols, according
to the proven results, this decoder will only rigorously improve its decisions in terms of likelihood; which
means that, after incorrect decisions on decoded symbols, in the next steps the MTD can correct its own errors
made in previous iterations. With a high noise level, the proportion of initially incorrect decisions of an MTD
in the first error-correction iterations can be significant. Even so, relative to the whole message received from
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the channel, each new MTD decision, as follows from the fundamental theorem, is always strictly more
probable.
Such MTD behaviour is clearly observed in the analysis of the decoding process in the computer demoanimation which may be downloaded from the SRI RAS specialized website at www.mtdbest.iki.rssi.ru or
the RSREU resource at www.mtdbest.ru (hyperlinks “Guide” and “Demo program” on the main page “About
method”). “Guide” explains how to use this software.
Finally, it should be noted that the theorem does not imply that transition from one code word A to another
~
will continue until | B |  | Q  A | is minimal, i.e. A becomes the OD decision A . Thus, the MTD is not the
optimum decoder. The remaining chapters of this book will be devoted to searching for codes and decoders
for which the decoding process, even for high noise levels, will actually almost always last until such time as
~
the vector A , the decision of the exhaustive search optimum decoder, is reached.
Let us further assume that MTD has reached the OD decision, i.e. the MTD information register contains the
~
symbols of vector A . Then it holds that:
Corollary:
MTD does not change the decision of an optimum decoder.
Proof:
~
If the MTD changes a single information symbol in vector A , then this would mean that there is another code
~
~
~
vector A which is closer to Q than A , which is impossible because, by definition, the vector A is closest to

the Q word.
The corollary is proved.
Thus, the stability of the MTD decision with respect to the optimum decision is demonstrated: once it reaches
the OD, MTD will stay there. This is very important, as the algorithm allows multiple changes of the same
symbols being decoded.
It may also be noted that, in the proof of the fundamental MTD theorem, the uniqueness of the decoded symbol
at each step ij was not used in any meaningful way. It follows that the decoding procedure can be applied to
any group of information symbols. Let us describe this result formally.
~
In order to implement the transition to code vectors A much closer to A at each decoding step, it is not
necessary only to change just one information symbol at each step.
Let us consider a threshold decoder, differing from the above MTD in that:
а)
At each j-th step of decoding, we select the set {Jj} of kj information symbols, kj > 1
b)

c)
d)

For a selected set {Jj} of information symbols, the threshold element receives all kj components
of vector D , related to them, and all mj components of vector S , which contain an odd number
of errors in information symbols of {Jj}
The threshold value Т of the decoder threshold element is not less than (kj+mj)/2
If the sum value at the threshold element is more than Т, then all (kj+mj) components of vectors
D and S submitted to the threshold and all kj information symbols considered should be
inverted.

For such a decoder, the following theorem holds.
Theorem 2.3:
Let vectors D1 , A1I and QV , defined in Lemma 2.1, enter the decoder operating in accordance with a) – d)
above.
If at the j-th decoding step the decoder changes a set {Jj}, then:
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1)

For code vectors A1 and A2 , where A2 differs from A1 in kj information symbols, the following
inequality is true: | B1 |  | Q  A1 |  | B2 |  | Q  A2 |

2)

Upon completion of the j-th decoding step, the decoder contains vectors A2 I , D2  QI  A2 I ,
S2  H ( A2 I , Qv ) , such that A2  Q2  ( D2 , S2 ).

The proof of the theorem coincides with that which was given for the FTMTD theorem, insofar as nowhere
did it make any significant use of the uniqueness of the information symbol of the received message decoded
at each step, i.e. kj = 1.
In developing MTD, it was really helpful to use threshold elements configured for certain groups of
information symbols. What this last result means is simply that it is possible to compare the likelihood of any
pairs of code words, and not only those differing in a single information symbol, as was the case with the
FTMTD theorem (Theorem 2.2). It is only necessary to ensure that the threshold element is configured to
precisely this symbol group, i.e. that all the symbols of vectors D and S , which correspond to distinct
symbols of compared code words, are transmitted to the threshold element.
*
Let the MTD receive vectors AI , QV and D , corresponding to a decision A , which differs from the OD
~
decision A in only one information symbol of the block code of length n with k information bits. Below, we
~
formulate the conditions to be met by the MTD, guaranteed to correct this single deviation from A .

Theorem 2.4:
Let an MTD be designed so that a change in the symbol and corresponding components S and D occurs only
if the corresponding sum of checks аj is the largest among all аi, 0  i < k, and aj > Т.
Suppose, in addition, that the code is such that the weight of all code words with a single information unit “1”
is odd and equal to J+1, and T = (J+1)/2.
~
Then, if the decision A for the given Q is the only one, after completion of the decoding procedure the MTD
decision will coincide with the optimum.
Simple proof of this result is given in [105].
Note that many block SOCs satisfy restrictions imposed on the theorem and that the result is valid regardless
of whether the OD decision on ij is right or wrong. Thus, the considered threshold decoder does not affect the
optimum decision and can correct a single deviation from the optimum decision.
A similar result can be proved for systematic convolution codes [105].
Note that the latest results show that MTD not only leaves the optimum decision, when reached, but also
approaches it from anywhere near the optimum decision.
The set properties of an MTD considered and proved above can be termed its stability with respect to the OD
decision [57].
Finally, let us formulate a criterion of MTD decoding quality, which can be used in the analysis of decoder
simulation results.
Theorem 2.5:
Suppose that an MTD decodes each information symbol of the message repeatedly in some order. Then, if it
makes a single error in the symbol ij and cannot correct it in the secondary attempt to decode, the OD also
decodes this message with the error.
Proof:
Suppose that an MTD has made a mistake in the symbol ij. Given that at subsequent decoding attempts no
symbols have been changed, all the sums aj at the threshold elements are less than T. This means that the
correct code word with inverted ij cannot be a decision, because the sum аj would then be greater than T, and
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hence farther from Q than the code word to which the MTD state corresponds. There may be another code
word differing from the transmitted received code vector in a larger number of information symbols and
located closer to Q than the MTD decision. However, this means that the OD will still make an error.
The theorem is proved.
The following theorem can be formulated for a convolutional code.
Theorem 2.6:
Suppose that an MTD of a convolutional code does not change the decision after a number of attempts to
improve the received message. Then the number of OD errors in decoding of this message is not less than the
number of single errors in the MTD decision, at a distance of more than 2nA from other errors.
To prove the theorem, let us use a feature of the OD and MTD error structure: near a single MTD error there
will always be a single OD error or error burst.
The results stated in the last two theorems make it easy to identify OD errors arising from the use of MTD
when analysing MTD on test benches and simulating the functioning of MTD: all single MTD errors that are
not correctable by repeated decoding will lead to errors when using OD as well.

2.4

Gaussian channel

In the case of a Gaussian channel and the use of “soft” modems for M = 2m, m = 2, 3, 4, …, and binary phase
modulation in the transmission of “0”, there are probabilities pi, i = 0, 1, …, M–1, of the receiver demodulator
output voltage occurring in one of m areas of this voltage’s separation, numbered sequentially [46, 47]. When
transmitting “1”, occurrence in the i-th area has a probability pM–i–1. This introduces m-bit quantization of the
receiver “soft” modem output signal for binary modulation PM2. It is clear that when transmitting “0”,
occurrence in the areas closer to “1”, i. e. if i > (M–2)/2, corresponds to an erroneous modem decision, and an
error in the transmission of “1” occurs when i < M/2.
Let us consider the sequence of actions of the relevant majority decoder for such soft received symbols with
the reliability estimates for binary modem decisions. For this purpose, we compare the likelihood of two code
words differing in a certain arbitrarily chosen information symbol ij. To determine which of these two words
is more likely, it is necessary to consider the probability of receiving channel symbols only in those d positions
in which ij and its inversion i j are different. The probability that the value of symbol ij will coincide with the
received value is proportional to
d 1

P(i j )  p j inf  p jv ,
jv1

and for its inversion i j
d 1

P(i j )  pM  j 1 inf  pM  jv1
jv 1

,

where the ratio of probabilities of receiving i j and ij can be written as
d 1

L  P(i j ) / P(i j )  ( pM 1 j inf / p j inf )  ( pM  jv1 / p jv )
jv 1

Here we use the number of the check symbol jv probability to point to the fact that all d–1 symbols behind the
multiplication sign are parity check symbols of the received message. The index inf is used to indicate the
probability of receiving the decoded information symbol.
To simplify the calculations, it is convenient to consider not the likelihood function L, but its logarithm
L'  log(L)  log( pM 1 j inf / p j inf ) 

d 1

 log( pM  jv1 / p jv ) .

jv 1

(2.5)
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The function L is the sum of d summands, and can therefore be implemented using a threshold element whose
input no longer has just “0” and “1” as in a “hard” modem, but d logarithms of the probability with signs “+”
or “-”. It is clear that if L' > 0, then inverted ij is more probable than its initial received value. If L' 0 , then
the original symbol is more probable, and does not need to be changed.
These actions must be performed by the threshold element in the case of “soft" reception of symbols from the
communication channel. In this case, we have a conventional “soft” TD.
Next, let us select in the received flow of symbol estimates a bit which defines a value of the received symbol,
as well as m–1 bits, which in this case will simply indicate the reception reliability of received message symbols
that is actually uniquely determined by the signal amplitude of a demodulator making the decision on a
received symbol. So, it is necessary only to resolve the problem of simple binary recoding of symbols received
from the communication channel, which is easy to implement in a soft MTD.
Now, using values of the received bits, let us calculate the standard syndrome of the received message. It is
clear that the lemma concerning properties of the syndrome S and difference vector D still holds, because it
is not in any way associated with the reliability of received symbols. Let us note further that if for some
syndrome symbol its calculation result is “0”, the corresponding logarithmic summand in (2.5) is clearly
negative, and if it is “1”, this summand is positive and has the same absolute value as with a zero result.
Assuming that the difference register D is also provided in the soft decoder, we obtain that this MTD simply
estimates the sign of the same likelihood function L , but expressed in a more convenient form for
calculations:
d 1

L'  Winf (2d inf  1)  W jv (2s jv  1) ,

(2.6)

jv1

where Winf and Wjv are the weights of checks defined by logarithmic summands in (2.5), dinf is the value 0 or 1
of the corresponding cell in the difference register D, as it was in the case of hard MTD for BSC, and sjv is the
usual syndrome S register symbols, which are checks of the decoded symbol ij. If L in (2.6) is positive, a
change in the decoded symbols defines all operations performed in the soft MTD, each new decision of which
is strictly more likely than its previous interim decision.
With M = 2 quantization levels (2.6), it becomes a majority function for checks of the basic multithreshold
decoder in a BSC-type channel, all weights of which are Winf = Wjv = 1. Note that use of soft modem decisions
is effective both in the case of MTD, and for implementation of the Viterbi algorithm, making it possible to
improve the coding gain of the MTD decoder by about 2 dB for typical channel noise levels.

2.5

Symbolic codes

Let us consider a channel with transmission of q, q > 2, equally probable symbols, which under the influence
of noise can acquire independently one of q–1 remaining erroneous values with equal probability p0. Let us
call this channel a q-ary symmetric channel (QSC), by analogy with BSC, and construct a decoder
implementing for this new alphabet a procedure similar to binary MTD, hereinafter referred to as a q-ary
multithreshold decoder (QMTD) [1, 11, 64, 78, 86, 101]. The QSC model used was described in the first
chapter.
The value of the QMTD algorithm lies in the fact that majority algorithms display only a linear increase in
complexity (number of decoding operations) proportional to the length of the code n. Since the optimum
methods are usually characterized by complexity increasing exponentially with code length, the use of
symbolic MTDs is particularly desirable since the decisions of symbolic decoders also try to converge to the
OD decision, but with linear computation complexity, i.e. proportional to the code length n.
It may be noted that during more than half a century of development of coding theory and techniques, the only
non-binary codes actually used in communication systems in practice have been Reed-Solomon (RS) codes,
which have been studied in great depth and implemented in a number of variants. Merely listing the various
successful applications of RS codes would take many pages of text. In fact, quite simply, until QMTD, no
other codes existed that were capable of coding byte-oriented data flows and, most importantly, subsequently
decoding them successfully and relatively simply. And this despite the fact that the characteristics of RS codes

Chapter 2

27

are far from the potential Shannon boundaries in terms of correcting capability. The main problem here is the
fact that the length of RS codes for technically feasible coding parameters is very limited. Therefore, the
problem of implementing simple non-binary algorithms for codes much longer than RS codes remains a very
difficult one, since for a selected code base q the maximum length of the RS code in most cases cannot exceed
q symbols. Currently, RS codes with a length greater than 256 are not applicable. QMTD are not subject to
any such restrictions.
Even more significant is the fact that, for large values of the code base q, q > 10, it is almost impossible to
create effective, truly optimum decoders, including the Viterbi algorithm, since here, as with binary
transmission, their complexity in most cases will visibly be of the order of qk, where k is the length of the
coding register expressed in number of q-ary symbols. Therefore, even with q = 16 to 32, OD implementation
for codes longer than k ~ 3 is highly problematic, and their efficiency for such small lengths will be quite small.
On the other hand, for example, the RS code for q = 256 is ineffective for any redundancy, since it is a very
short one. Whence the exceptional value of QMTD algorithms, which can be used with codes of any length
[11, 101]. In this case, the complexity of QMTD implementation will always be relatively insignificant, and
will have the same order of magnitude as for the binary case.
Thus, the lack of truly effective byte-oriented algorithms despite the huge demand for them, as evidenced by
the widespread usage of RS codes, points to the need to develop much more simple and efficient decoders that
can decode long non-binary codes by relatively simple means.
We now move on to consider a formal description of the QMTD algorithm.
Suppose we are given a q-ary linear systematic convolutional or block code, whose check matrix H has the
same form as in the binary case, i.e. consists only of zeros and ones, except that instead of 1 in the unity
submatrix in H it will have (–1) in all non-zero positions, i.e. H = (PT: –I). Suppose also that all addition and
subtraction operations are performed for this code in the group of integers, for example, modulo q addition. Its
generating matrix has the following form: G = (I : P).
We shall call these very simple codes “symbolic” codes.
In fact, James Massey considered these codes and proved Theorems 1 to 4 for these codes in [124]. However,
he then spoke negatively about the potential of these codes in sections 1.2, 6.2, 6.5, 6.6 and 8.2 of the same
book, and no longer pursued the topic.
After transmission of the code vector A0 of length n with k information symbols over QSC, the decoder
receives a vector Q that differs, in general, from the initial code vector due to distortions in the channel:
Q  A0  E , where E is the QSC channel noise vector.

As in the binary case, we will represent each vector X of length n as a pair of vectors X I , X V of length k
and (n–k), respectively.
Let Q  A  E , where E is the error vector, “+” and “–” are addition and subtraction operations in a certain
group, and A is some arbitrary code word.
Let us define D as the q-ary vector of the length k, equal to D  AI  QI , where Q I is the information part of
the received message Q  (QI , QV ) .
Then the following lemma holds.
Lemma 2.7:
( D , H (QI  D , QV ) )  A  Q .

Proof:
Due to the code linearity, the following chain of equalities is true

(2.7)
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S  H (QI  D , QV )  H (QI  D , QV  AV  AV ) 
 HA  H ( 0I , QV  AV ),
where 0I is the zero vector of length k.
Given that, for a systematic code with q > 2, H ( 0I , X V )   X V , we obtain S  AV  QV . Since D  AI  QI ,
then ( D , S )  A  Q .
The lemma is proved.
It establishes a simple correspondence between any arbitrary code word and the received message, similar to
the binary case [1, 9, 86] which resulted in Lemma 2.1. Lemma 2.7 enables the main QMTD property to be
proven, whose algorithm is described below.
In view of its great importance, it is worth noting once again that, since the check (and hence generating)
matrices of a systematic code contain only 0, 1 and –1, then the coder and decoder use only addition or
subtraction operations to form code check symbols and calculate a syndrome S of the received message.
Thus, coding and decoding requires neither a finite field, nor even a ring of integers. To organize addition
operations, it is sufficient to create a group on addition. This significantly simplifies all the procedures of
coding and the implementation of subsequent decoding.
Suppose, due to transmission of a code word A0 over QSC, the decoder receives vector Q  A0  E distorted
in the communication channel. Like in the binary case, prior to decoding, we will take the – now q-ary –
difference vector D equal to 0.
Suppose that a QMTD decoder works in such a way that, after the usual calculation of the syndrome vector
S  HQ for the received message, the decoding procedure consists of the following steps:
1)

For an arbitrarily chosen q-ary decoding information symbol ij , the number of the two most
frequently occurring values is counted up among all J checks related to the symbol ij , and also
the symbol dj in the vector D corresponding to the symbol ij. Let the values of these two checks
be equal to h0 and h1, and their quantities be equal to m0 and m1, respectively, and m0  m1.
This procedure is similar to calculation of the sum of checks in the binary MTD threshold element.

2)

If m0 – m1  T, where T = 0, 1, 2, … is a non-negative integer, any new im, m  j, is selected and
further transition to step 1 is carried out.
This procedure is similar to comparison with a threshold in the binary decoder.

3)

If m0 – m1 > T, then the error estimation, equal to h0, is subtracted from ij, dj and all J checks
related to ij. Then any new im, m  j, is selected and transition to step 1 is carried out.

This last decoding iteration for the next symbol is simply a process of change and correction of the symbol
being decoded through feedback of all the syndrome symbols, which are checks of the decoded symbol. It is
only necessary to consider that addition and subtraction operations in QMTD are not identical, as in the binary
MTD. An example of QMTD configuration is shown in [1].
Such decoding attempts in accordance with steps 1 3 can be repeated for each information symbol of the
received message, for example, three, ten and more times.
In the implementation of the QMTD algorithm, as in the binary case, it is convenient to treat all the information
symbols sequentially and to stop the decoding procedure after a fixed number of attempts to correct the error
or if none of the symbols has changed value in the next iteration.
For the QMTD algorithm described, the following theorem is true.
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Theorem 2.8 – Fundamental theorem of symbolic multithreshold decoding (FTQMTD) [86, 103, 105,
106, 130]:
Suppose that the decoder implements the QMTD algorithm for the above SOC. Then, at each change in
decoding symbols, there is transition to a decision of increased likelihood in comparison with the previous
decision of the decoder.
Preliminary discussion:
It is known that, for a QSC channel, of two code vectors the one closer to the received message and, hence, of
greater likelihood, will be the vector which differs from the received message in a fewer number of symbols.
Therefore, the proof that QMTD decision likelihood increases at each change of decoding symbols is simply
a proof that the number of new code word symbols that are equal to symbols of the received message has
increased, i.e. the Hamming distance between them has decreased. For symbolic codes, this distance just
corresponds to the amount of differences in two vectors of equal length.
So, according to the properties of a syndrome and differential vectors in accordance with Lemma 2.7 for
QMTD, the distance between the received vector and the current QMTD decision is equal to the number of
non-zero symbols in the syndrome. Hence, for this reduction in distance that corresponds to increased decoder
decision likelihood, it is necessary to find another code word for which the total number of zero symbols of
the syndrome S and differential vector D will increase. It will be remembered that, as in the binary case, we
mean the code word whose information symbols are in the appropriate registers of the decoder.
Proof:
Let the decoder contain vectors
A0 I , D  A0 I  QI and S  H (QI  D , QV ) ,

(2.8)

where A0  ( A0 I , A0V ) is any code word and Q is the received message.
We show that, in the case where a QMTD change in the next decoded symbol ij in the current information
vector-decision A0 I of the decoder results in such a new vector A1 I , the Hamming distance between the
received vector Q and the code word A1 is less than for the previous decoder decision A0 , i.e.
| A0  Q |  | A1  Q | .

If some symbol ij was changed, there is a unique value h0, h0 ≠ 0, in the set of check values for the symbol h0,
h0 ≠ 0, which occurs strictly most often, m0 times, and all other values occur no more than m1 times, m0 > m1.
We note that if h0 = 0, the decoded symbol does not change.
In this case, at change of ij, dj and all J checks in the syndrome register, i.e. after subtracting from them the
value h0, all m0 checks (and, maybe, the symbol dj) which were equal to h0 become equal to 0. The amount of
zero checks in the syndrome vector (certainly, in view of the symbol dj) which prior to change of the symbol
ij were equal to zero cannot be more than m1. But this means that at change of ij due to these symbols the weight
of the syndrome vector cannot increase on these positions by more than m1. Then the total change of weight is
equal to m1–m0 < 0, i.e. the total weight of vectors D and S after change of the decoded symbol ij will
decrease.
It should be noted that the vector S1 differs from S 0 only in those symbols which are checks for ij, and the
new differential vectors D1 and D0 differ only in the position dj by the value h0, as well as checks
corresponding to the symbol ij. This means that after the change ij the QMTD decoder contains vectors S1 and
D1 corresponding to the difference between the received vector and the new decision of the decoder, i.e. the
conditions of (2.8) are met. It then appears that in a new decoder state the conditions of Lemma 2.7 are again
true, so one can pass on to the next attempt to correct another symbol im, m  j, as a result of which a change
in a subsequent decoded symbol guarantees transition to a decision of greater likelihood, etc.

The theorem is proved.
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As can be seen, between binary and symbolic MTD, the style of the proof of the main theorem has changed
quite significantly.
We should point out two most essential aspects that characterize the proposed new algorithm. First, as in the
case of binary codes, it cannot be asserted that in multiple decoding attempts decision improvement will occur
until such time as the OD decision is reached. Actually, both block and convolutional codes allow
configuration errors that cannot be corrected in QMTD, but can be corrected in OD. Therefore, the main way
to improve QMTD efficiency is to find codes in which such uncorrectable error configurations are rare even
in the case of high noise levels.
Another very important point is that, compared with the traditional approach to majority schemes [124], to
change a decoded symbol in QMTD it is sufficient to have not an absolute, but only a relatively strong majority
of checks, as follows from m0 – m1 > T. For example, in a self-orthogonal code with d = 9, the error in the
decoding symbol will be corrected, even if among nine checks (including the symbol dj of the differential
register) only two will be correct, and the remaining seven incorrect. This is impossible in the case of binary
codes, but for QMTD such a situation is typical. The only condition for this individual example is different
values of checks corresponding to the decoding symbol ij. And for a large alphabet size q this condition is
practically always met. These features of QMTD significantly expand the possibilities of the symbolic
multithreshold algorithm for operation at high noise levels, while maintaining very low implementation
complexity of threshold procedures in q-ary channels.

2.6

Decoding in erasure channels

The development of communication technology brings about a significant increase in diversity of
communication channels, among which it is necessary to consider erasure channels. According to the model
of a channel with independent erasures, with the transmission of each symbol its erasure may occur
independently with probability ps (the decoder is duly informed, for example by means of an additional erasure
sign bit) or it may be transmitted correctly with probability of qs = 1 – ps. The capacity of such a channel in
the binary case is C = qs. An OD in this channel has to find a code word which would contain the minimum
number of erasures (or at best, would not contain any in information symbol positions), and would coincide
absolutely with all correct, i.e. known, symbols of the received message. In other words, the OD decision, as
is the received message, is a code word that may perhaps contain erasures in some positions.
A decoding algorithm in erasure channels, which can be significantly improved, is described in [124].
The erasure multithreshold decoding method (EMTD) (or, to be more precise, multi-step decoding in erasure
channels) does not require the same justification as, say, in BSC or QSC. If the information symbol ij is erased,
it can clearly be accurately restored if at least one correctly received symbol of the many checks related to it
contains this precise single erased symbol, and all the other symbols that are included in this check are received
correctly. Then, obviously, the selected symbol ij will be restored correctly. Here, it is sufficient to note only
that, after the first correction attempt, it is just possible that part of information symbols which have been
erased may not have been restored. In this case, from the standpoint of the algorithm itself, it does not introduce
any errors in the message. Then a repeated attempt to decode the message, in which the quantity of erasures
has diminished, is certainly justified, since in this channel the decoding efficiency measure is the number of
recovered erasures in the code word. The decoder’s willingness to repeat erasure correction is determined
simply by the fact that after the first successful attempt to correct one of the erasures for some other erased
symbol im, the number of remaining erasures in one of checks will decrease. If the only remaining erasure in
this check symbol is the erasure of symbol im, then in this case there will be a guaranteed opportunity to correct
this erasure, even if in all other checks containing im the number of deleted symbols is at least two.
Since the correction of a given erased information symbol requires only one relevant correctly received check
symbol containing no other erased information symbols, then EMTD will work in an erasure channel with
much higher probabilities of erasure of transmitted bits as compared with channels which contain errors only.
Thus, the new algorithm of course preserves complete identity between all code symbols correctly received
from the channel and the (perhaps not completely) restored message.
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Non-systematic codes

The above MTD algorithms make it possible to find a sequence of decisions of increasing likelihood based on
simple calculations carried out over a continuously variable syndrome vector S and difference vector D . It
has been shown above that a pair of vectors ( D , S ) is the difference between the current decoder decision
and the received message. It should be noted that there is no fundamental difference between vectors S and
D.
Notations introduced for them and actions performed with them have just reflected the fact that, for example,
if we consider the code with R = 1/2, then of the two code generating polynomials, one was
g1 ( x)  1  x P1  ...  x PJ 1 , and the other – g 2 ( x )  1 , i.e. the code was systematic. The fundamental fact is that
the procedure for calculating the syndrome corresponds to calculating the difference between some initial
hypothesis of the transmitted code word and the received message. This hypothesis in a systematic code is
always a code word whose information symbols were received from a channel. Of course, the decoder
receiving the next message from the noisy channel cannot have any preferable “guesses”.
The problem of constructing MTDs for all of the above as well as other channels when decoding nonsystematic codes is complicated by two factors. The first is to select codes which, even for optimum
procedures, should be carefully checked for catastrophic failure [26, 37–40]. The second consists in knowing
how to find some sufficiently good initial hypothesis of the transmitted code word A0 for the MTD, which
would then be improved in terms of transition therefrom to decisions of ever-increasing likelihood.
Furthermore, as has already been emphasized several times, the codes used in the MTD are subject to very
stringent additional requirements in terms of error propagation with threshold decoding.
Thus, there is no need for formulation and proof of any new assertions on the existence of MTDs for nonsystematic codes. For these, after generating any code word of the code used and subtracting from it the
sequence received from the channel, a vector is also generated, which can conveniently be called the syndrome,
and for which, subject to the comments made regarding interpretation of the vector D , the fundamental
theorem on multithreshold decoding of non-systematic linear binary and non-binary codes becomes true.
However, serious problems in achieving the potential effectiveness in MTD, i.e. good convergence to the
maximum-likelihood decision, will also remain in this case.
A successful example of non-systematic code MTD decoding is described in [65].

2.8

Multi-position signal systems

Channels with multi-position signal systems have been discussed in section 1.4. Principles for the use of MTD
for signal systems on the plane of type QAMN and PMN have also been developed a long time ago [62, 63,
103]. This suggests that the capability to implement MTDs with these widespread signal types is now quite
evident. In the transition to multi-dimensional signals, all approaches to the use of MTD with such signal
structures remain similar to the two-dimensional case, which allows us both to obtain a significant coding gain
and  even more importantly  to economize transmitted signal bandwidth.
Let us consider the multithreshold coding principle for such a decoding signal system using the example of
QAM16, the location of signal points for which is shown in Fig. 1.7. Note that the Hamming distance between
binary representations of the signal points increases when they are not only one, but also two positions removed
from each other. The corresponding probability ratio logarithms for the case of doubling the Hamming weight
are also approximately doubled. Accordingly, the binary vectors D and S , as in the case of ordinary PM2,
can be considered as a good measure of the difference in distances between the transmitted symbols of such a
non-binary transmission system. A similar property is observed in case of a multi-position circular signal
system (PMN).
Yet, based on such a monotonic increase in weight of the difference between the binary representation of
signals as they move away from any transmitted symbol in a QAMN or PMN system, we see that, in the case
of both hard and soft modems, the increase in weights and check sums on threshold elements with a good
degree of accuracy is proportional to the logarithm of the probability ratio of the current MTD decision and a
remote potential new decision, for which we calculate the sum of the binary code checks with specially selected
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code polynomials for a multi-modulation system. In this case, the check sums correspond to code word
comparison results, irrespective of whether the differences are considered in bits within the transmitted
symbols or all the differences are observed only between some bits in different symbols. This elimination of
differences between binary representations of the distance ratio in the difference vectors S and D using the
Gray code makes it possible to successfully implement binary MTDs with complex signal systems, too. Here,
MTD will in many cases provide almost the same optimum decoding as exhaustive search algorithms.

2.9

Expanding the scope of application of MTD principles

While this chapter has covered many classic communication channels in which successful application of MTD
is possible, communication equipment needs are becoming more and more diverse and the scope of application
of coding is expanding rapidly, while the conditions in which communications equipment is being used are
constantly evolving. Let us discuss some such areas of application of coding.
One of the important practical applications of coding theory for digital data transmission is codes with unequal
symbol protection (UP-codes) [43, 44]. These provide more effective  as compared with traditional methods
 protection of transmitted data in the mean-square sense by achieving a lower decoding error probability, for
example, of higher transmitted integers than lower ones. This is achieved, in general, by the fact that some of
the information symbols of the code are included in the larger number of check equations, and so a greater
minimum distance d can be obtained for them than for other symbols corresponding to lower series of
transmitted integers.
Since MTD provides sequential decision-making, when switching from a symbol with one protection level to
a symbol with a lesser or greater protection it is not only the sets of the corresponding checks {S jk } but also
the sizes of these sets that will vary. Obviously, this in no way alters the MTD principles, and its main property
of transition to code words of increasing likelihood with every change in decoding symbols.
Another broad area in which MTD can be effectively employed is various non-uniform power (NUP) channels
[45]. It is possible to switch over to NUP channels from conventional modulation systems by changing the
power ratio and, hence, the distances between various points of many traditional signal modulation systems,
such as PMN or QAMN. This increases the transmission reliability of one group of symbols and reduces the
reliability of others, and means that, for example, in the calculation of the likelihood function L j in (2.5) (see
section 2.4), check weights will often be estimated differently. Other MTD principles are quite efficient in this
case.
Implementation of NUP principles is possible in simpler systems of conventional parallel channels through
direct redistribution of transmitter power between channels transmitting information and check symbols whose
other parameters are the same.
Finally, combination of methods and approaches to coding and decoding using MTD considered in this chapter
is quite effective, too. Clearly, the coding effectiveness can only increase, and the principles of convergence
of MTD decisions to OD decisions in all such cases are successfully implemented at minimal cost.

2.10

Conclusions

This chapter deals with the fundamental principle of the increasing likelihood of MTD decisions, which is
central to the optimization coding theory. It is applicable to many additive symmetric channels without
memory: binary, q-ary, Gaussian, erasure and other multi-position models, which account for a large
proportion of real, or theoretical but near-real, channel models.
The pervasiveness of this principle of iterative error-correction methods as a means of minimizing functionals
of the large number of variables opens up opportunities for a unified approach to decoding in channels of
various type and quality, and the approach itself is based on the simplest of known correction methods – the
majority method. We may accordingly expect MTD to offer a high degree of efficiency if the decision
likelihood increases consistently and fast enough until complete or almost complete correction of errors in the
received message. Thus, MTD constitutes an effective algorithm when a large number of decoding iterations
for messages received from the channel correct a large number of symbols in the code block.
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In view of the immense value of a fundamentally new decoding philosophy of the kind offered by the
optimization coding theory, it is worth recapping the important properties of MTD algorithms.
First, although this first large monograph on the optimization theory will be confined to showing MTD
capabilities for a limited number of code classes only, it is important to understand that the fundamental
multithreshold decoding theorem (FTMTD) (Theorem 2.2) is valid in general for all linear codes. This is
determined by the fact that its proof does not rely on any specific properties of codes, except their linearity.
Other classes of codes for which the use of MTD has proven quite successful are shown in [65, 103, 105]. It
would be useful to further expand this list of codes for which MTD can be particularly effective.
Second, it should be emphasized that there are new and as yet little explored capabilities of MTDs associated
with Theorem 2.3. Simultaneous correction of several controlled code symbols by one threshold element (TE)
considerably expands the scope of the capabilities of optimization coding theory, since this error-correction
method can significantly reduce the real level of error clustering at some decoding iterations. This also
constitutes a very wide area for interesting research.
Finally, it is useful to draw attention to the fact that FTMTD Theorem 2 and the preceding Lemma 2.1 create
very special conditions for the use of various MTDs in conjunction with other error-correction algorithms.
This feature is quite unique. In fact, if some linear code is decoded by specific algorithm A, then it is quite
possible that in certain circumstances the decoder decision will contain a number of errors, in which case the
result is not the best. Then, according to Lemma 2.1, the message vector received from the channel and the
final (or intermediate!) algorithm A decision make it possible to calculate the syndrome S of this message and
create the difference vector D, defined by this lemma. Since MTD operates with all linear codes, all these three
vectors can be introduced into MTD. Then, they may use the MTD decoder to try to further reduce the number
of remaining errors in the message in subsequent decoding steps. If now the MTD updates any symbols of the
decoded block, then, according to the FTMTD, each new decision will always have a greater likelihood for
any code to which it is applied. This fact extends the capabilities of MTD even further. It should be emphasized
that the above approach does not include any methods of concatenation, but simply describes the capabilities
of new two-stage code decoding by different decoders, where the second method is the MTD algorithm.
Therefore, the MTD decoding process can always be started for any linear code after completion of the
decoding process by any other decoder at arbitrary point.
The above suggests that various useful, but not very obvious features of MTD algorithm open up truly new
extremely wide possibilities of application.
In practice, however, MTD’s unique potential capabilities can be successfully implemented only if genuine
methods are found to reduce decision error clustering in the threshold decoder. This would increase the number
of possible decoding iterations in which the MTD could continue to correct communication channel errors and
look for decisions of greater likelihood. In other words, FTMTD sets developers of coding systems and new
decoding algorithms a new highly complex challenge, namely finding codes that would be minimally affected
by the error-propagation (EP) effect with MTD decoding.
Methods for solving this problem are discussed in the next chapter.

Chapter 3

35

CHAPTER 3
Error propagation in majority decoders
3.1

The error-propagation concept

The results of the previous chapter demonstrate the fundamental possibility of significantly increasing the
iterative modification efficiency of the majority method of linear code decoding in all the main variety of
channels without memory with additive noise. However, it was pointed out that for many channels and specific
codes there are configurations of channel errors that will not be corrected with any number of iterations in
block MTD, or arbitrarily long chains of threshold elements in its convolutional variant, but that will be
corrected to maximum likelihood by an optimum decoder (OD). Thus, the MTD does not represent an optimum
decoder in any of those channels.
The most fruitful approach to solving the problem of maximizing the use of MTD is optimization of MTD
parameters in terms of thresholds and check weights, as well as choosing codes with minimal error propagation
(EP) in threshold decoding (TD). This will significantly reduce the number and probability of error
combinations that can be corrected in OD but cannot be corrected in MTD.
The concept of EP and methods of analysing it are interpreted differently by different authors [19, 20, 37, 48,
98]. An analysis of the general properties of codes that affect EP was carried out in [37, 48–51]. It should be
noted here that, as pointed out by some authors, controlling error propagation is much more complicated in
practice when using non-systematic codes than with systematic codes, even if the codes are carefully selected.
All the major studies on EP for threshold decoding in the 1970s focused on selecting a sufficiently realistic
means of determining the length of the propagation zone, and searching for this parameter for various codes.
Its value determined the maximum length of the error burst at the output of the TD under certain restrictions
imposed on the channel or the decoder after the first error has occurred.
Papers [19, 20, 52–55, 60] introduced various definitions of EP zone length, and proved that it is finite for
various classes of codes using TD. In all cases, it was assumed that after the first decoder error occurrence, the
channel or TD itself switched to another state in which it remained until the decoder stopped generating
incorrect decisions. This was a very useful outcome for initial analysis of TD properties at that time.
On the other hand, such an artificial approach could not provide a qualitative analysis of the decoder behaviour
in a real channel with a high noise level. Therefore, a sufficiently general method for estimating decoding error
propagation is put forward below. This method is based on the use of probability generating functions (PGF)
[4, 9, 56, 57, 76], which are applicable to convolutional and block codes allowing majority decoding. These
estimates depend directly on the channel noise level. This approach enables us to estimate the actual
characteristics, and to develop effective recommendations to minimize the investigated EP effect. This
formulation solves the problem of convergence of MTD effectiveness to OD capabilities. It should be noted
that the approach could be applied to certain other classes of codes, too [105].
Here, it is necessary distinguish in general between two very different causes of clustering of decoder errors.
The first, in channels without memory, stems from the selected decoding algorithm and its features: the
presence of feedback to a decoder syndrome register, the rule in respect of taking consistent decisions on the
need for correction, and the check orthogonalization method or the selection of threshold values.
The second cause relates to the properties of the code used. For example, in short convolutional codes of
unsystematic type there are usually many code words of weight of the order of d. This leads to clustering of
errors at the output of the decoder implementing the Viterbi algorithm, which is optimal for these codes.
The great difficulty in improving MTD performance is precisely to consider properties of both the code and
the majority decision-making procedure itself such as to minimize the number and probability of errors that
MTD and OD decode with varying results. Here, it is necessary to preserve the utmost simplicity and
uniformity of the majority algorithm, obtaining increased efficiency in practice only by increasing the number
of identical operations or decoder elements and by selecting good codes.
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This approach to the phenomenon of EP has proven quite productive for convolutional SOCs [9, 57]. Based
on multidimensional PGFs, it was possible to calculate the conditional error-decoding probabilities or
estimates thereof P(ej=1/e0=1) in the j-th symbol, j > 0, in the case of incorrect decoder decision on the symbol
i0. These results, in turn, helped to find codes with low EP and create an MTD with a low error clustering level
in the first threshold elements of the decoder.
Below we will discuss the main results related to EP analysis in convolutional and block codes for binary, nonbinary and other channels. This will enable us to formulate criteria for identifying codes with properties most
suited to MTD and to compare EP levels in block and convolutional codes.

3.2

Probability of the first error in the threshold decoder for a self-orthogonal code

Before analysing error propagation for self-orthogonal codes, it is necessary to recap methods of estimating
the probability of the first error in threshold decoding [4, 124].
Let us consider a linear binary block majority-decoded self-orthogonal code (SOC) with code rate
R = k0/n0 = 1/2 and d = 2t0+1, i.e. correcting t0 errors. The procedure to calculate the probability of error in the
first symbol of the decoded convolutional code P1(e) for conventional threshold decoding, essentially repeating
the material presented in [4], may be described as follows. Since in this case the number of code checks is
equal to J = d–1, we can assume that with R = 1/2 they all have the dimension J. By check dimension we mean,
as in [4], the total number of errors in check equations excluding the error itself in a decoded symbol i0. In
view of this remark, the probability that some k-th check of the block code will be incorrect is
pJ = 0.5[1– (1–2p0)J],
where p0 is the error probability in BSC.
Then, calculating the function [4, 124]

A( x )  ( p0 x  q0 )( pJ x  qJ ) J 

d

 am x m

m 0

where q0 = 1–p0, qJ = 1–pJ, we find that the probability of error in the first symbol of a block code for threshold
decoding is
P1 (e) 

d

 am

m  ( d 1) / 2

(3.1)

In general, with R = k0/n0, check dimensions can be quite different from the above example with R = 1/2. This
may also be due to different weights of generating polynomials of any given code, use of parallel concatenating
methods, codes with variable connections, with separate branches (which will be discussed later), or other
reasons. In addition, the check dimension for convolutional codes will not be constant, as they do not contain
any errors in some earlier underlying information symbols. Therefore, the correct definition of check
dimension may help in finding methods to improve the efficiency of use of MTDs and the MTD algorithm
itself.
The initial decrease in the average error decoding probability is always directly related to the capabilities of a
conventional TD, i.e. whether it can achieve at least a small reduction in the average decoding error probability
compared to the error probability of the channel in which it operates. In subsequent decoding iterations, further
reduction of error probability only occurs with respect to the error correction achieved in the first step
(iteration).
As can be seen from the graphs in Fig. 3.1 showing P1(e) as a function of p0, obtained with (3.1) for codes with
code rate R = 1/2, with majority decoding in BSC, the error probability in the first symbol of the code P1(e)
for convolutional codes with the same values of d and R is always less than for block codes. This is because in
block codes the dimension of all checks is maximum, whereas in convolutional codes it increases from
minimum to maximum.
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Error propagation in convolutional self-orthogonal codes

Now let us consider the lower estimate of the probability of occurrence of a single error for a convolutional
TD. In deriving this value, we used the basic SOC property whereby each channel error may not be included
in more than one check of any decoded symbols. The derivation will also involve using PGFs, introduced in
[9, 56, 57], which enabled us to find estimates of probabilities of joint errors in information symbols i0 and ij,
j > 0, for majority decoding of convolutional codes.

FIGURE 3.1
Estimates of the error probability in first symbols for conventional TD, P1(e), for codes with R = 1/2

Let us consider an SOC with some values of code rate R, constraint length nA and minimum distance d. We
shall introduce the probability generating function Аm,k(x,y) = (p0xmyk+q0) for symbol ij, whose error ej is
included in the m-th check related to symbol i0 and in the k-th check related to il, l = 1, 2, .... If any channel
error ex is absent in checks related to i0 or il, then its PGF has the form Аk(у) = p0yk+q0 or Аm(x) = p0xm+q0,
respectively.
The index 0 in x0 and у0 will be used for the symbol currently being decoded i0 and the symbol il, l > 0,
respectively.
Note that the PGF method was successfully adapted to calculate the probability of error in the first symbol of
a convolutional code by James Massey in his classic book [4]. However, Massey used a one-dimensional
version of this powerful probability calculation tool. The PGFs used in this chapter are multidimensional, thus
allowing us to obtain new results in the field of error propagation.
Next, let us introduce a rule to calculate a PGF for two channel errors e1 and e2. If two PGFs related to e1 и e2
have variables x and y with the same indices, then the PGF for this pair is found by multiplying the PGFs for
symbols e1 and e2, and exponents of variables with the same index are 2 modulo summarized. This rule also
holds for a larger number of errors. This type of index operations is founded on the fact that presence of the
same indices corresponds to the case where errors are included in the same check related to some information
error. Thus, the check value cannot exceed 1, and the addition of a new error increases the probability that the
check will be distorted.
Two important observations need to be made. To estimate the error propagation, it is necessary to take into
account that with e0 = 1 (i.e. TD error in the first symbol of the code) an error burst is transmitted to the decoder
through a feedback. Since SOC checks are orthogonal and in view of the presence of decoding errors (see [19]
and section 1.2), then for the subsequent calculations we assume that feedback modifies check symbols which
are included in the appropriate checks related to e0. The PGF for that symbol is
Am,k(x, y) = p0xm+q0yk.
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Furthermore, the PGF for error е0 of a symbol i0 should have the form
A0(x) = p0x0+q0,
because this error is not included in checks related to following symbols ij, j > 0.
The proposed PGFs enable us to calculate the joint probability P(e0=1, e1=1). If we write the product of all
PGFs that relate to symbols included in all checks related to е0 and е1, we will obtain
A0,1 ( x, y ) 

J



m, k 0

22 d

J

J

k 0

i 0

j 0

Am,k ( x, y )   a k  ximi  y j j
n

(3.2)

where the exponents mi and nj are equal to 0 or 1.
The total number of non-zero additives in (3.2) does not exceed 22d. The exponents of xi and yj are combinations
J

of channel errors, which distort

 mi
i 0

J

and

mj

checks related to i0 and i1, respectively, with a probability of

j 0

ak.
Since in (3.2) it is only the total number of factors that is important, then, eliminating the indices in x and y,
we get
A0,1 ( x, y ) 

d

 ai , j x i y j ,

i , j 0

where ai,j is the probability that checks related to i0 will contain i errors, and checks related to i1 will contain j
errors. Then we see that
P(e0  1, e1  1) 

 ai , j

i , j T

(3.3)

We may now describe a method to calculate the lower estimate of the probability Р(e0=1, 0), i.e. the probability
of occurrence of a single decoding error, which will be the most significant for further analysis.
Consider a TD with “jinn” [39, 57, 60] operating in such a way that after incorrect decoding of the first symbol
i0 the feedback circuit of the syndrome register S sends an incorrect value е0, and after decoding of all other
symbols ij, j > 0, the sent value еj is true.
It is clear that with the error e0 = 1, a normal TD and TD with “jinn” (TDJ) have equal probabilities Р(e0=1,
ej=1), since prior to decoding ij, j > 0, the states of both decoders are also identical.
The only feature of calculating probabilities Р(e0=1, e1=1) for TDJ is that, according to the property of this
decoder, errors in information symbols ij–k, 0 < k < j, are absent in checks related to ej, and so for all those
errors ej–k the PGFs have the form
Аm(х) = (p0xm+q0),
regardless of whether errors in these symbols are included in checks related to ej or not.
This change of PGF is enough to calculate the probabilities of all TDJ errors of type Р(e0=1, ej=1), j > 0, using
the method discussed above for conventional TD. Summing all these probabilities of a TDJ error burst with
weight of 2 or more
RnA

P(e0  1, 1)   P(e0  1, e j  1)
j 1

we see that Р(e0=1, 0) = P1(e) – Р(e0=1, 1) is the lower estimate of the probability of occurrence of a single
TDJ error. Here, P1(e) is the probability of the first decoding error, defined by a one-dimensional PGF [4].
Note now that in all flows of channel errors that are included in the estimate Р(e0=1, 0), conventional TD and
TDJ display the same behaviour. But this means that this estimate is valid for a conventional TD as well.
The resulting estimates can be directly applied, for example, to SOCs with R = 1/2, nА = 14 and d = 5 with
generating polynomial P = (0, 1, 4, 6) [9].
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In particular, the calculation of Р(e0=1, e1=1) for this code should be carried out using a PGF of the form
A0,1 ( x, y )  ( p0 x0  q0 )( p0 x1  q0 )( p0 x2  q0 y1 )( p0 x2 y0  q0 ) 

 ( p0 x3 y4  q0 )( p0 x3 y3  q0 )( p0 x3  q0 )( p0 x4 y2  q0 ) 
 ( p0 x4 y3  q0 )( p0 x4 y4  q0 )( p0 x4  q0 )( p0 y2  q0 )( p0 y3  q0 ) 
 ( p0 y4  q0 )( p0 y4  q0 ) 
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d

  p0m q0n  x m   y

m , n 0
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i 0

i

j 0
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Then, according to (3.3), with not very high channel noise, the calculation of Р(e0=1, e1=1) is reduced to a
summation of additives
p03  x mi i  y j j
n

i

(3.4)

j

where the number of different factors of xi, and yj is at least three. Considering only significant members, we
obtain that the result sought is 27p03 .
By similar calculations for Р(e0=1, ej=1), 2 ≤ j ≤ 4, we can calculate these probabilities as well. For the case of
low noise they are equal to 8 p03 . With j > 4 it was found that the joint probabilities considered are of the order
of p04 and, therefore, with low noise their contribution to the error-propagation estimate is negligible.
Then, the upper estimate of probabilities of error packages with weight of 2 or more is equal to
4

P(e0  1, 1)   P(e0  1, e j  1)  (27  8  8  8) p03  51p 3 .
j 1

As the probability of error in the first symbol of the considered convolutional code calculated according to the
method in [4, 124] is P1(е) = Р(e0=1) = 85p03 , then the lower estimate of the probability of a single error in the
first symbol is
P1H (e0  1, 0)  P1 (e)  P(e0  1, 1)  34 p03 .

Since the probability Р(e0=1, e1=1) above has been calculated precisely, the probability of a single error is
bounded upwards by the ratio
PВ(e0=1, 0) = P1(e) – P(e0=1, e1=1) = 58p03 .
Consequently, the probability of a single TD error lies between 34p03 and 58p03 . Since the best SOCs with
d = 5 have the optimum decoding error probability, which, as can be verified, is 10p03 for small values of p0,
we find that single errors in this TD considered can be corrected, since such errors occur in OD four to five
times less frequently than in TD.
Let us compare the results of the above error-propagation calculation to the behaviour of a TD in a simulation
of decoder operation in a BSC without memory. The simulation results show that at very high noise of the
channel with р0 = 0.05, the proportions of single errors and error bursts with weight 2 to 5 are approximately
equal, and the average single error probability is close to 40p03 . When reducing noise to р0 = 0.02, the single
error probability is estimated at 45p03 . As can be seen, error propagation is estimated with sufficient accuracy
for practical purposes: probabilities of single errors lie about midway between the upper and lower estimates.
It should be pointed out that the code considered is the worst in terms of error propagation, since, in each of
the checks relating to decoded symbols, the information symbols necessarily contain any errors within the
constraint length. It is possible to construct many other codes that are less susceptible to error propagation, as
checks of these codes will be less dependent on each other. However, even for arbitrarily long codes with
R = 1/2 and d = 5, we cannot reduce the joint probability of error in the first two symbols for a low noise level
below 23p03 .
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A further reduction in error propagation is possible when switching to time-varying codes. For example, among
the codes of length n ≈ 1 000 with R = 1/2 and d = 5, it is possible to find codes with 5 to 8 variants of the
check matrix columns such that the probability of two errors within the constraint length of the convolutional
code will be about p04 . This means that the conditional probability of the second error after the first within the
constraint length is of the order of p0, i.e. decreases with a decrease in the noise level, and the probability of
single errors approaches 1. In other words, when this code is used in TD at a sufficiently low noise level, all
its errors will be single. This situation is very unusual for a simple TD, whose errors are usually noticeably
clustered.
Similar characteristics of the error-propagation level in codes can be obtained for higher values of d for any
values of R.

3.4

Block self-orthogonal codes

Below we consider similar error-propagation estimates for block SOCs.
Suppose we are given a quasi-cyclic self-orthogonal block code with code rate R = 1/2, code distance d = 5,
length n = 26 and generating polynomial P = (0, 1, 4, 6), which has been used as an example in the previous
section.
To calculate the joint probability P(e0=1, e1=1) of TD errors with feedback in the first two symbols i0 and i1, it
is necessary to write a PGF product for all estimates that are included in checks of at least one of i0 or i1:
A0,1 ( x, y )  ( p0 x0  q0 )( p0 x2 y0  q0 )( p0 x4 y2  q0 y1 )( p0 x3 y4  q0 ) 
 ( p0 x3 y3  q0 )( p0 x4 y3  q0 )( p0 x4 y4  q0 )( p0 x1 y4  q0 )( p0 x2 y1  q0 ) 

(3.5)

 ( p0 x1 y2  q0 )( p0 x2 y1  q0 )( p0 x3 y2  q0 )( p0 x1 y3  q0 )( p0 x1  q0 ) 
 ( p0 x3  q0 )( p0 x4  q0 )( p0 y2  q0 )( p0 y3  q0 )( p0 y4  q0 )( p0 x2  q0 y1 )

As in the case of convolutional codes, the indices with x and у used here correspond to the numbers of checks
which include a particular symbol in decoding i0 or i1 according to the matrix (1.7). Zero indices correspond
to trivial code checks.
After simplification, similar to the estimates for the corresponding version of the convolutional code with the
same generating polynomial, we find that for a block code:
Р1,1(е) = Р(e0=1, e1=1) = 87p03 .
It will be recalled that, for a convolutional code with the same generating polynomial, the probability Р1,1(е)
is equal to 27p03 .
Graphs of the error probability in the first symbol Р1(е) and the first two symbols Р1,1(е) of a block code as a
function of the probability p0 in a BSC are represented by curves 1 and 2 in Fig. 3.2. Both graphs are relatively
close, which corresponds to the same degree of reduction of these probabilities with increase in quality of the
channel according to a law close to p03 .
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FIGURE 3.2
Propagation of errors in TD at different noise levels in BSC for self-orthogonal codes

Note that if in (3.5) the first factor is replaced with (р0х0у1+q0), and the last with (р0х2у1+q0), we will obtain the
PGF of a definite TD, i.e. without feedback [19]. Curve 3 corresponds to a probability Р1,1(е) for this decoder.
Graphs of the conditional probability of TD error in the second code symbol in the presence of decoder error
in the first symbol

P1 / 1 (e)  P(e0  1 / e1  1)  P(e0  1, e1  1) / P1 (e)

(3.6)

for a TD with feedback and a definite decoder (curves 4 and 5, respectively) in Fig. 3.2 show that to all intents
and purposes the probabilities Р1/1(е) in a good channel do not depend on p0.
Note, for comparison, that the average error probability and the probability Р1(е) of a definite TD for a
convolutional code coincide with the probability Р1(е) for a block code as well. However, in the convolutional
code with feedback, the probability Р1(е) is close to 85p03 and lies between curves 2 and 3 in Fig. 3.2.
Error propagation may decrease with an increase in n and fixed d. Curve 6 shows the ultimate dependence of
the probability P1/1(e) for TD with feedback on p0 when using a code of arbitrarily large length with d = 5 and
R = 1/2. As follows from its form, the probability P1/1(e) for any quasi-cyclic code with R = 1/2 at p0 → 0 is a
constant, P1,1(e) and P1(e) have the same order of smallness, as in the case with short codes. This property
holds for all self-orthogonal codes R = k/(k+1), k = 1, 2, ….
Further EP reduction is possible when switching to code rates R = mk0/mn0, where m is a small integer. Curve
7 corresponds to the probability P1/1(e) for a feedback TD for a quasi-cyclic long enough self-orthogonal block
code with R = 4/8 and d = 5, found on a computer programmatically.
Another example of a code with low EP was also found with another specially written program. Codes of this
type can be described as codes with variable connections [57]. A constructed convolutional code is represented
in curve 8 for Р1/1(е) at R = 6/12, d = 7 and n ≈ 40 000. As follows from the form of this curve, the probability
Р1/1(е) for such a code with variable connections decreases according to ~ p02 for small p0. For comparison,
curve 9 also shows the probability P1(e) of error in the first symbol of this code.
As emerges from the analysis of the graphs in Fig. 3.2, error propagation  the degree of clustering of pairs of
errors at the output of the majority decoding device  is quite clearly dependent on the degree of intersection
of sets of errors in checks related to different information symbols, as well as on the channel noise level. Within
some limits, clustering can be reduced by choosing longer codes with fixed minimum code distances d.
However, these possibilities for reducing the EP are rather limited. A qualitatively new level of reduction of
this effect can be achieved by switching to codes with variable connections. However, for this purpose, the
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codes need to be two or more orders of magnitude longer than is necessary to construct ordinary, relatively
short SOCs with the same values of d. It should be noted that simply using codes with variable connections is
also a partial solution to the problem of reducing the EP level. Thus, the qualitative manifestation of the EP
effect in block SOCs is the same as in similar types of convolutional codes.
All the basic data on error propagation in block and convolutional codes with R = 1/2 and d = 5, with feedback
and for definite decoding options, i.e. without feedback, are summarized in Table 3.1. The table includes the
parameters of block codes that are discussed in this section, as well as data on convolutional codes. Definite
decoders are separated into two groups based on the beginning or the middle of the code, due to the fact that
at the start of decoding of convolutional codes definite decoder checks do not contain errors in those symbols
that have already been decoded. This results in higher convolutional code decoding accuracy in the beginning
of the message, whereas, as from information symbol i6 for a short code (assuming that the first symbol was
i0), all check dimensions and TD error probabilities rise to a maximum. As has been shown, for the codes
considered, the estimates of probability of error in the first symbol P1(e) and in the first two symbols for a low
noise level are of the form ap03 , where p0 is the error probability in a BSC. The table shows values of the
coefficients а: in the numerator for Р1,1(e), and the denominator for P1(e). Then, the value of the fraction in
each cell corresponds to a probability P1/1(e) for small values of p0.

TABLE 3.1
A comparison of block and convolutional codes with R = 1/2, d = 5 by error-propagation criterion

The most significant result of the code comparison in the table is reduction of the EP effect as length increases.
In addition, when comparing convolutional codes, it appears that a decoder with feedback creates error pairs
more rarely than a definite TD by a factor of 1.5. Given that for the feedback TD the average error probability
Pav is not much higher than P1(e), and less than that of a definite TD, it can be argued that the use of definite
decoders is impractical because they have weaker reliability characteristics and reduce error propagation only
slightly. Indeed, on account of a significantly worse average error decoding probability Pav, the probability P1/1
(e) for a definite TD is always lower. However, this is not so significant as to solve the problem of the use of
various algorithms. The basic relationships between error clustering probabilities obtained also hold for codes
with higher d at R = k/(k+1), k = 1, 2, ….
The analysis conducted testifies to the genuine complexity of the EP effect, and demonstrates the need for
careful analysis and proper interpretation of the phenomena.
The approach to EP through two-dimensional PGFs reviewed here is quite common and allows us, in moving
to PGFs of higher dimensions, to evaluate also the probabilities of groups of three, four or more decoder errors
occurring at any particular position of the block. Considering all the possible combinations of TD errors, we
can calculate the exact value of error probability per symbol, per block or their average value at some distance
from the beginning of the convolutional code. In some cases, we can reduce the volume of calculations if we
determine, conversely, the probability of one, two or more consecutive correct TD decisions using
multidimensional PGF methods as well.
However, it is advisable to confine the analysis to the occurrence of the most common error combinations that
define the basic error configurations in erroneously decoded blocks. In the search for good codes, it is sufficient
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in most cases to consider probabilities of decoder error bursts with weight of not more than 3. Appropriate
software tools taking into account these criteria have been developed and are utilized to construct codes with
the required low level of EP.

3.5

Integral error-propagation estimates

Methods were proposed above to estimate the EP of a convolutional code, which consisted in constructing the
upper estimates for the conditional probability of the second error within the constraint length, if there was an
error in the first symbol.
Using this approach, let us consider a method of estimating EP in a block code, as an upper estimate for the
probability of at least two decoder errors in the received block. This method is also based on the idea of a
hypothetical analysis of TD with “jinn” (TDJ), which “prompts” the threshold decoder as to the true symbols
that should be sent through the feedback to a syndrome register, regardless of the threshold element decision
on the symbol being decoded [9, 57]. With such a TDJ, it is easy to estimate probabilities of a small number
of decoder errors, through which the properties of a real TD can be evaluated.
Suppose we want to estimate the probability of TD errors in the m-th and j-th symbols, m < j, assuming that in
other information symbols il, l ≠ m, l ≠ j, decoder decisions are irrelevant.
Let us construct the PGF Аmj(х,у) for TDJ, containing elementary PGFs of errors that are included in at least
one of the systems of checks related to im or ij. They shall meet the properties arising from the TDJ definition:
there are no errors in the information symbols il, l < m, involved in the checks related to im and ij; and errors
en, m < n < j, are only in checks related to im and hence have PGFs of type (p0xs+q0), where s is the number of
the check related to a symbol im. Note that since, at m > 0, checks have no errors in all the information symbols
il, l < m, then, other conditions being equal, the error probabilities Pm,j(e) for TDJ in symbols im and ij will
always be no greater, and usually less, than that for pairs of symbols i0 and ij–m.
Note that we can also analyse a TDJ in which, when decoding the symbols im and ij, the syndrome register
receives through feedback a realistic decision of the threshold element, and at all other times true error values
in the decoded symbols. This TDJ will be considered further.
Let us now compare different implementations of noise vectors E when using the TDJ introduced above. Part
of these vectors will be such that for specific selected values of m and j, 0 ≤ m < j, TDJ errors will occur only
in information symbols with these numbers. Let us compare TD and TDJ behaviour for those noise vectors
E m , j which lead to TDJ errors in im and ij; TDJ behaviour after decoding of ij will be considered negligible. In
accordance with the TDJ operating rule, it is assumed that for vector E m , j the TDJ decisions coincide with the
decisions of its threshold elements for all il, 0 ≤ l ≤ j. Then, for vector E m , j for all symbols with numbers 0 ≤ l
≤ j, the conventional TD behaves like the TDJ.
Let us now calculate all possible probabilities Pm, j (e) of the corresponding TDJ for some block SOC with k
information symbols. We may define
P2 (e) 

 Pm, j (e)

(3.7)

m, j
m j

Let us show that Р2(е) is the upper estimate for the probability of two or more errors occurring in a block of
the code considered, when using a conventional TD. Indeed, suppose that for some arbitrary vector E a TD
made more than one error in symbols im, ij, ip, …, m < j < p < …, and the third, fourth and other TD errors, if
any, were made in symbols with numbers greater than j. Of course, the presence of the third and subsequent
errors is permissible, but not required. Then the vector E belongs to the class of vectors E m , j and the
probability of this event of at least two TD errors is included in the upper estimate (3.7), which contains all
probabilities Pm,j(e).
Finally, a lower estimate for probability P1LB of no more than one error occurring in the block can be
considered, equal to
Р1LB(е) = 1–Р2(е).

(3.8)
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The relationships obtained represent a sufficiently complete integral characteristic for the EP of a specific
block SOC for majority decoding, and enable codes to be selected which display a low degree of error
clustering, i.e. a low EP level. Similar probabilities can be used for convolutional codes with the lower bounds
of single Р1LC and double Р2С(е) errors on length nA.
Figure 3.3 shows upper estimates for probabilities of two errors in the block Р2(е) (curve 1) and the occurrence
of an erroneous block РB(е) (curve 2) for a code with R = 4/8, d = 5 and n = 1 480.

FIGURE 3.3
Upper estimates for the probability Р2(е) of occurrence of two TD errors and the probability РB(е)
of occurrence of an erroneous block with a length n = 1480

3.6

Multithreshold procedures for symbolic codes

Prior to assessing error propagation in symbolic (non-binary) codes, let us also define, for a non-binary TD
(QTD) operating in the first iteration of QMTD decoding, the probability of error P1(e) in the first symbol of
a systematic linear block or convolutional q-ary code with q > 2. It is assumed that the QTD works according
to the decoding procedure described for QMTD in Chapter 2, except that the register D is not used for decoding.
Before starting the decoding, errors in information and check symbols have a probability p0 and are
independent.
This estimate can be obtained by calculating the product of the PGF for the information symbol and all checks
involved in its decoding. However, this approach is too complicated to implement. Therefore, to obtain
estimates of the first error probability we will use a simple, albeit slightly less accurate, approach based on
enumeration of error configurations that will lead to an incorrect QTD decision.
It will be recalled that in the binary case, to determine the probability of error in the first symbol of an SOCtype code, all that is needed is to determine the probability that a sum of distorted checks and, possibly, errors
in the decoded symbol is greater than d/2. In q-ary code, an error occurs when the number of error checks with
the same value is greater than the number of correct checks or (for an incorrectly decoded symbol) not less
than this number. This determines the possibility to correct a large number of errors of weight far exceeding
d/2. This always happens when the number of correct checks related to a symbol being decoded is greater than
the number of same error check values.
Next, we shall make a preliminary qualitative assessment of the correcting capacities of the symbolic code
constructed on the basis of the check matrix introduced in section 2.5.
Since this code is self-orthogonal in terms of type of check matrix, then, as in the binary case, we may write J
expressions for syndrome symbols related to a certain selected information symbol ij which contain an error ej
in this information symbol:
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s0, j  e j  eim0  ...  ev 0 ,
...,
sJ 1, j  e j  eimJ 1  ...  evJ 1 ,

(3.9)

Here, each of the J lines defining expressions for the values of symbols sh,j of syndrome S, h=0…J–1 contains
an error ej in the information symbol ij, there is one error in a check code symbol evn, n=0…J–1, and there are
also a number of errors present in other information symbols eimk , the total number of which is determined by
the code generating polynomial and the next error number as well as the value of the code rate R of the code
used. The set of all syndrome symbols related to some information symbol ij, as in the case of binary codes,
will be called checks related to this symbol. Moreover, since the expression (3.9) according to our choice
corresponds exactly to the expressions related to self-orthogonal codes, all J checks in (3.9) are such that all
informational errors, except ej, in this set of checks are different.
This implies the important result that the code distance in a selected symbolic SOC is not less than J+1. In fact,
because all errors in checks, except errors in the decoded symbol, are different, any error in the information or
check symbol does not affect more than one check. This situation is exactly as it was in the binary case. If it is
now supposed that the symbol ij is received correctly, in the case of an even value of J the presence of J/2
errors in checks related to a symbol ij leaves the remaining J/2 or even more checks correct, i.e. such that their
values coincide with the error value in the decoded symbol. Since we consider the case where an error ej = 0,
the values of these correct checks are also h0 = 0. But then, according to the QTD operating algorithm, the most
frequent value of checks is 0, and it occurs at least J/2 times. Other incorrect checks may have any value from
1 to q–1. However, there cannot be more than J/2 of them. Hence, the correct symbol ij will not be changed by
QTD.
If we further assume that a symbol ij has an error ej = h, 0 < h < q, then the remaining J/2–1 errors in checks
related to ij will distort no more than J/2–1 checks related to ij. However, this means that the number of checks
whose values match the value h of the error in ij is not less than J/2+1. Then the decoder, choosing as the error
the value h which occurs most frequently, will correct errors in ij.
Thus, we have proved that the symbolic code constructed on the basis of systematic binary SOC with the
minimum code distance d = J+1 (here we assumed an even J, which is obviously irrelevant) also has a
minimum code distance d. This proof was constructive, based on properties of the QTD algorithm, which is
used to correct errors in a symbolic code.
Further attention should be paid to the fact that error values in symbols in a QSC-type channel may be different.
This is clearly indicated in the description of the QTD algorithm. It is proposed that, for a symbol to be deemed
an error value decision in ij, a strict majority of a certain error value is required in check symbols among other
q–1 possible error values. Taking into account this important observation, we find that, for example, at a
minimum code distance d = 9 in case of correct reception of a symbol being decoded it is possible to have all
incorrect J checks and not to change the symbol being decoded, i.e. not to introduce an error. The only
condition for implementation of this feature is that all error values should be different. Then all different check
values appear only once: m0 =… = mJ–1 = 1. In addition, it also maintains invariability of the symbol being
decoded. Clearly, in binary code, this situation is impossible. At the same time, this case is typical for symbolic
code and indicates much higher correction capabilities of the proposed QTD algorithm, as it almost always
corrects, i.e. correctly leaves the symbols unchanged, if up to (d–1) checks related to them are incorrect.
Assuming the presence of an error ej = h, h > 0, in a symbol ij, note that for proper decoding of this symbol it
is only necessary to have two correct checks out of J. Indeed, if we again assume that all other checks with
errors in other symbols are different, then two correct checks have values corresponding to an error in the
decoded symbol, which will lead to its correction. In concluding the qualitative discussion of QTD properties,
let us note that the conditions of different values of all error checks we have just considered are usually almost
always met when the symbol alphabet size is large enough, i.e. q >> 1.
Now, let us define the most frequent combinations of channel errors that lead to QTD errors, and their
probabilities. Note that, in the block symbolic SOC with J = d–1 and R = k0/n0, the check dimension is equal
to m = Jk0/(n0–k0). Assuming the error check probability estimate
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pv  [1  (1  p0 )m ](1  a)

(where a = 1/(q–1), as the sum of several errors may in 1/(q–1)-th of cases provide the correct check), it is
possible to specify the following disjoint events sought leading to QTD errors [11, 78].
1)
All checks and the first decoded symbol i0 are incorrect:
P1  p0 pvJ

2)

All checks are incorrect and include two checks of the same value, and i0 is correct:
P2 

3)

(1  p0 ) pvJ J ( J  1)
2 ( q  1)

J 2


i 1


i 
1 

 q 1

(3.10)

There is one correct check, and the rest are incorrect; i0 is also received incorrectly:
P3  J p0 (1  pv ) pvJ 1

4)

There is one correct check, i0 is received correctly, but the incorrect checks include three checks
identical in value:
P4 

(1  p0 )(1  pv ) pvJ 1 J! J 4 
i 

1 
2
6( q  1) ( J  4)! i 1  q  1 



.

Thus, the desired estimate Р1(е) of the first QTD error probability is the sum of the probabilities found above
P1, P2, P3 and P4. The impact of the probabilities of other types of events on the resulting probability is
negligible. If necessary, a more complete list of events leading to QTD error can be found in [105, 117].
Figure 3.4 shows graphs of estimates of the first QTD error probability Р1(е) for various symbolic SOCs.
Curve 1 represents an estimate of the first error probability for a block code with d = 9, R = 1/2 and q = 256.
Curve 2 shows the probability Р1(е) for a block code with d = 5, R = 1/2 and q = 256. It is important that
majority decoders in non-binary channels prove more effective in the sense that they significantly reduce
decoder error probability at a much higher noise level p0 in QSC than BSC (see Fig. 3.1).
Calculation of the characteristics of the first step (iteration) in QMTD points to an area in which, already after
the first decoding attempt, there is a marked decrease in the proportion of remaining errors. It is clear that, in
this case, subsequent iterations allow a further reduction in the density of remaining errors. The ability to
achieve the noiseproofing level of the optimum methods is determined by both the code and the channel noise
level, as with binary codes.
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FIGURE 3.4
Estimation of the first error probability of block QTDs in QSC

3.7

Dependence of decoder decisions in erasure channels

The multithreshold erasure correction procedure (EMTD) discussed in Chapter 2 is characterized by the fact
that it does not introduce any errors of its own, or any new erasures, so the term EP is inappropriate here. In
this case, it is proposed to use the term “dependence of decisions”. Let us introduce the PGF for a channel with
independent erasures.
Let the symbol ij be included in two systems of checks related to two symbols ik and im. If ps is the erasure
probability and qs = 1–ps is the probability of correct reception of a symbol, the PGF for the given symbol
becomes:
Al,n(x, у) = (psxlуn+qs).
The product of two PGFs for an erasure channel is performed according to usual algebraic rules without
converting exponents:
A0,1 ( x, y )   ( ps xm yn  qs )
{ B}

where {В} is the set of channel symbols whose erasures are included in checks related to at least one of the
two information symbols of a pair whose joint non-recovery probability must be calculated; m and n are the
number of checks related to first and second symbols, respectively.
Using MTD operating rules, the probability of non-recovery of the first two symbols from a finite
representation of the PGF

A0,1 ( x, y ) 



d

d

i 1

j 1

l

ak1 ,k2 ,...,kd ,l1 ,l2 ,...,ld  xiki  y jj

k1 ,...,kd ,l1 ,...,ld

for a self-orthogonal code with minimum distance d will have the form
P1,1 ( s)   a{k ,l }
{ P}

where {Р} is the set of such sets of indices of type k and l in which all ki, lj for i, j = 1, …, d, are simultaneously
positive. This corresponds to the case where the decoded symbols themselves and all related orthogonal checks
are erased.
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The graphs in Fig. 3.6 show the probability of non-recovery of the first two symbols Р1,1(s) in feedback
decoding for a block SOC with d = 5, R = 1/2, n = 26 (curve 1) and for a long code with variable connections
with R = 4/8 and the same d = 5 (curve 2). In addition, for comparison, the graph of probability of non-recovery
of the first block symbol P1(s) (curve 3) is also shown.
As emerges from a comparison of the curves, erasure non-recovery clustering is small. In a code with variable
connections, it may be smaller than for a conventional code with fixed connections, whereby, as the quality of
the channel improves, the proportion of single residual erasures after decoding increases.
A similar curve (curve 4) of the probability P1(s) for a convolutional code with R = 1/2 and nA = 14
demonstrates a natural advantage for the case of convolutional codes.

FIGURE 3.6
Dependence of MTD decisions on symbol erasure probabilities ps in the channel

3.8

Construction of codes with low error propagation

As follows from the error-propagation estimations for the codes analysed above, there will be higher levels of
probability of simultaneous errors in two symbolic codes in pairs of information symbols ij and ik that have a
larger number of such errors in systems of check equations which are included in both check systems. All these
errors have a corresponding PGF of type (p0xmуn+q0), which determines a higher level of EP for such codes.
Therefore, in the construction of an SOC category code with R = k0/n0, it is necessary to choose generating
polynomials Gi,j such that for each pair of symbols im and ij, m = 0, 1, …, k0–1, j ≠ m, the number of
simultaneous occurrences of two or more errors in the checks related to both pairs of symbols would be
minimal.
The complexity of constructing a code with those parameters that would have a minimum level of EP was
analysed in detail in [105]. That paper showed that the SOC polynomial search procedure can be completed in
a time-frame proportional to d4, where d is the minimum code distance.
To implement the search procedure for codes with the required EP level, a software package was designed that
supports, for a wide range of code rates R = 0.1 to 0.98, the construction of codes with fixed and variable
connections with 3 ≤ d ≤ 41 and belonging to the self-orthogonal category. These programs allow one to set
the degree of reduction of the proportion of common errors in all pairs of checks of the codes constructed,
including their absolute minimization. This permits us to construct codes with an extremely low level of EP
for given code parameters d and R, taking into account a number of additional code selection criteria.
The specified capabilities of the software packages make it possible to freely choose the code rates in the
implementation of majority techniques. This significantly extends the potential of MTD algorithms, virtually
reducing the level of clustering of errors in this type of decoders to insignificant levels.
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Conclusions

This chapter shows manifestations of the error-propagation effect, methods of estimating it and ways of
reducing it, for examples of various channels and codes. It omits EP estimates for codes in systems of complex
signals, as well as the case of soft modems and other applications of MTD algorithms. It may be noted that EP
estimates are also known for rapidly reviewed non-systematic codes [40, 103, 105], indicating a significant
level of EP in their use, as is to be anticipated in this case. The use of MTD to decode good codes, standardized
for VA, is described in [65]. Issues of MTD application with multi-position signals are considered in [62, 63].
Error propagation when using these signals is analysed in [103]. The EP effect for maximum length codes and
uniform convolutional codes has been estimated in [105].
Detailed error-propagation analysis for symbolic codes may be found in [103, 105, 131].
As can be seen from a comparison of probability graphs for single and double errors, with the correct code
choice the probability of subsequent decoder error after an error occurrence in one of the first symbols of the
code turns out to be small, increasing little compared to the probability of an error in the first symbol. On the
other hand, some of the methods of reducing the EP effect, in particular definite decoders, not only increase
the average bit and block error probability of a conventional majority decoder, but also lead to similar values
of joint probabilities of error pairs as in TD with feedback, i.e. they hardly reduce EP of some long codes. This
demonstrates the considerable complexity of the problem of EP at the TD output, which requires accurate
analysis and correct interpretation of the phenomena.
The above EP estimations were made not for the multithreshold decoder discussed in Chapter 2, but for the
usual threshold algorithm. Performing sufficiently complete and accurate analysis of EP at the output of
subsequent – e.g. second, fourth or tenth – threshold elements in a convolutional MTD or, respectively, after
the i-th, i = 2, 3, ..., decoding iteration of a block MTD is fraught with objective difficulties, such as the problem
of rapid increase in the associated volume of calculations required, which rules out the possibility of obtaining
simple but sufficiently accurate estimates.
However, it is very important that the EP analysis was carried out for the threshold element, which is in the
first position in block and convolutional MTD. This threshold element corrects the densest error flow coming
directly from a channel, and therefore operates in the toughest conditions. Thereafter, the remaining MTD
threshold elements bear a lesser burden, correcting errors omitted in the previous iterations, and so the
estimates made refer to the most critical node of an MTD, the efficient operation of which determines the
performance ability of the algorithm as a whole.
As is evident from the analysis in this chapter, the most important result of the investigation is understanding
the internal causes of the EP effect peculiar to the codes themselves. To reduce EP, it is necessary to reduce to
the maximum possible the number of intersecting sets of errors present in checks on any pair of code symbols.
It is possible to achieve a relatively small number of such errors only for very long codes with variable
connections. It should be remembered, however, that even a complete account of all intersecting groups of
symbols in checks related to various symbols yields little effect if the algorithm is operating in a high noise
channel environment. In such cases, it is necessary to verify quite a few conditions for checks, which have to
be fulfilled. In some cases, it may be effective to use other long codes, but much shorter than the best codes
based on the EP criterion.
Other ways of reducing EP are also quite straightforward: a slight increase in the error decision threshold value,
and where possible the formation of different sets of orthogonal checks for the different stages of
decoding [57].
However, identifying good codes for MTD requires rather careful analysis and a fairly large amount of
computation. Even more efforts are then required for simulating operation of the codes obtained and optimizing
the MTD decoder parameters. The number of such parameters may reach many hundreds and even thousands
of positions. Yet this long process at the codec (coder/decoder system) design stage in no way increases the
number of operations performed by a decoder once it is already constructed, which justifies such a complicated
procedure for the construction of what may ultimately be a very simple codec.
Simple EP criteria such as the numbers of common errors in pairs of checks solve the problem of choosing the
best codes for the error-correction algorithm considered. It is sufficient to be able to find codes with minimal
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probability of decoder error bursts with a weight of no more than three. The reported difficulties of obtaining
EP estimates for some decoding iterations are not actually a significant obstacle for understanding the
principles and key conditions for the operation of MTD.
The main outcome of this chapter is the development of methods for estimating EP in linear codes that enable
us to compare different codes and to select those that best meet the requirement of minimizing this effect. The
results obtained and criteria elaborated for comparing codes have served to develop powerful optimization
techniques for the construction of relatively long codes with minimal error-propagation effect when decoded
by MTD algorithms.
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CHAPTER 4
Analytical estimates of multithreshold decoding efficiency
4.1

Methods for estimating characteristics

For a long time, one of the most important aspects of the development of error-correction coding theory lay in
the search for more effective algebraic codes and methods for their decoding. Estimating the correction
capability of such methods was not particularly difficult, for example using binomial distributions. The
situation was exactly the same for assessing the capabilities of concatenated procedures based on algebraic
methods. However, decoders for such codes were found to be ineffective for many reasons.
Further progress in coding techniques, with the advent of more sophisticated methods, such as sequential
procedures, was also for many years associated with the development of search algorithms and their
corresponding codes. Estimates of the characteristics of these methods were generalized, i.e. they were true
for “a class of codes”; or were performed with some significant limitations, for example with respect to channel
noise level [66]. The actual characteristics of these algorithms with a high noise level were usually obtained
through simulation using specific codes.
Finally, the current period is witnessing the study of very powerful coding techniques, most of which have the
Viterbi algorithm as one of the steps, decoders for turbo codes or other optimum and suboptimum procedures.
It is characterized by the fact that results of a reasonable degree of accuracy require the use of simulation as
an essential element in estimating the efficiency of at least some stages of the decoding procedures.
In channels with independent errors, the demands made on correcting codes are now very high. To ensure the
necessary efficiency, these codes have to correct many errors beyond the limits guaranteed by the minimum
code distance d of block codes or the free distance df of convolutional codes used. In this case, moreover, the
decoder has to accurately correct the absolute majority of channel errors, considerably exceeding half of the
minimum code distance. Otherwise, a decoder cannot work effectively in the presence of noise levels well
above the code rate R, for a channel processing speed parameter RC, i.e. where R > RC. Thus, the fine structure
of the code and its spectrum with high channel noise have a decisive influence on the efficiency of the most
powerful decoding algorithms. It is noteworthy that even for well-studied optimal algorithms such as the
Viterbi algorithm, reliable estimates of their efficiency with high noise can be obtained far more easily by
simulation, although for the sake of optimality analytical estimates would have to take into account only the
range of weights and other properties of the code itself.
All of the above relationships are generally valid for multithreshold decoding algorithms that provide, over a
wide range of channel noise parameters, a good approximation to maximum-likelihood decoding,
i.e. approaching optimum decisions.
This chapter describes what is involved in estimating the characteristics of majority decoding algorithms. In
light of the aforementioned common methodological difficulties, the problems of studying procedures of this
type are more clearly defined. Today, after four decades of development of majority methods, we still only
have the method of calculating the exact value of the decoding error probability of the first symbol in a message
Р1(е), suitable for both block and convolutional codes [4]. This probability can be interpreted as the average
bit error probability Pb(e) for definite threshold decoders. However, as was noted in the previous chapter,
definite decoders actually slightly reduce the effect of error propagation (EP) in its most precise and natural
sense, having originally been envisaged to compensate for EP. Furthermore, the average error probability Pb(e)
for these decoders, particularly in their convolutional form, is much higher than that of a TD with feedback,
and even higher than that of an MTD. Therefore, precise determination of the characteristics of definite
decoders has no real practical value.
Problems of an even more difficult nature arise when estimating the correction capabilities of an MTD
implementing from three to ten or more attempts to decode the symbols of the received message. It is necessary
to take into account the capabilities of the code itself, and the extremely complex phenomenon that is error
propagation, a description and study of which was provided in Chapter 3.
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Below, we discuss the connection between code parameters and the marginal capabilities of MTD algorithms,
and provide upper estimates of the error probability in the first symbol P1,2MTD(e) for a convolutional MTD
implementing two attempts to decode. Despite the very small increase in complexity by comparison with a
traditional TD, such a decoder, at a low noise level, provides characteristics that are not far short of optimum.
It is, of course, necessary to select good enough codes according to the EP criterion, thereby significantly
simplifying the proposed estimates.
Also considered are various estimates of the error probability of symbolic codes and soft MTDs, and
information is provided on how to improve performance at high noise levels. The method for obtaining
averaged estimates of MTD error probabilities, enabling determination of the boundaries of the effective use
of the algorithm, is described. We discuss the capabilities of a method which, by using PGFs of higher
dimensions, is able to increase the accuracy of estimates for the probability Pb(e) of an MTD decoder.

4.2

Binary self-orthogonal codes

Let us consider a linear binary block majority-decoded SOC with code rate R = k0/n0 = 1/2 and d = 2t0+1,
i.e. correcting t0 errors.
Let us estimate the probability of a single OD error in a message coded with a self-orthogonal convolutional
or block code. For these codes, all code words of weight d have only one information unit. Then, the lower
estimate of probability of an OD decision transition to the nearest specific code word with a single information
unit PbOD(e) at a given position has, for a BSC without memory, a form corresponding to the presence of
channel errors in more than half of the d non-zero positions of the code word:
Pb (e)  PbOD (e) 

d

C

i
d

p0i (1  p0 ) d i

(4.1)

i  ( d 1) / 2

Graphs showing the dependence of the bit error probability Pb(e) on the channel noise level for SOCs, which
are of great importance for MTD algorithms, are shown in Fig. 4.1 for odd values of d. These optimal decoding
estimates are significantly lower as they are in no way connected with the code rate of these codes, which, if
taken into account, greatly increases the probability of error at high noise levels. However, in ratios of channel
noise and code rates close to R = RC, where RС is the channel computational rate, and even at a slightly higher
noise level, expression (4.1) gives fairly accurate values for preliminary estimates of bit error probability Pb(e)
for an MTD with these codes when the number of decoding iterations is I ≈ 3 to 10.
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FIGURE 4.1
Lower estimates of the bit error probability Pb(e) when using self-orthogonal codes in BSC

Let us state the problem of estimating the probability of error in the first symbol of a convolutional code
P1,2MTD(e) after the second attempt to decode the code and this symbol using an MTD algorithm. To simplify
this problem, we use the actual properties of the best-constructed SOC codes with variable n for R = 1/2. These
codes are such that for any pair of decoded symbols im and ij there are at most two common checks, including
the trivial, and the number of symbols in these checks does not exceed the minimum code distance, d. For this
case, we can calculate the error probability in the first symbol P1(e) of the conventional TD in the standard
manner, then use a simplified method to find an upper estimate for the conditional probability of a TD error in
some other symbol ij of the code, which is also included in checks related to the first code symbol i0, if the TD
has already made an error in i0. Clearly, in the worst case, with two incorrect checks related to ij, the TD will
make an error in decoding ij, if the remaining d–2 checks include more than (d–1)/2–2 incorrect checks. For
the upper estimate, we must assume that all checks have a maximum dimension d–1. Then the upper estimate
of the considered conditional probability of error in a specific symbol ij is
P1 / 1 (e) 

d 2

C

m
d 2
m  ( d 1) / 2 1

p0m (1  p0 )d  2  m

(4.2)

where p'0 = 0.5[1-(1-2p0)d-1].
The total number of errors in information symbols included in checks related to i0 is equal to (d–1)(d–2). It is
precisely for such a number of double errors within the code constraint length that the probability of their
occurrence is determined by the expression (4.2). An upper estimate of the occurrence of other pairs of errors,
the first of which is e0, as can be seen from [57, 103], can be represented as [P1(e)]2 for this code. These
somewhat higher estimates may be used to estimate the occurrence of two errors in any two positions within
the constraint length of the convolutional SOC. Hence, we have an upper estimate of the probability of
occurrence of more than one error (i.e. two or more) within the code constraint length
P2 (e)  (d  1)(d  2)kP1 (e) P1 / 1 (e)  k 2 [ P1 (e)]2 / 2

where k represents the number of information symbols within the code constraint length nA.

(4.3)
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Since the purpose of these estimates is to prove analytically the viability of MTD operation with only two
iterations at a low noise level, we will not seek to minimize the constants in (4.3), which do not significantly
affect the decoder’s main behavioural tendencies. Let us take a convolutional SOC with R = 1/2, d = 9 and
nA = 200 000 as an example of the considered MTD with two iterations. It is clear that k = 100 000.
Then let us assume that, at the second iteration, the MTD will inevitably make an error in the first symbol i0 if
there is more than one error within the constraint length after the first attempt to correct errors. The probability
of this event has already been found to be P2(e). It is, however, clear that in the event of a single error by the
first decoder, the probability of an error occurring on the second iteration is negligible. As was shown earlier,
majority schemes usually correct errors whose weight exceeds the value d/2 even by several times. However,
using estimates of TD errors with weight 2 it is difficult to obtain estimates more powerful than those given in
this section.
If, after the first iteration, the code constraint length has no more than one error, according to the results from
Corollary 1 of Theorem 2.2 and Theorems 2.4 to 2.6, the MTD will, at the second iteration, make the optimum
decision as to i0.
Thus, according to a highly inflated estimate for P2(e), the error probability in the first symbol after the second
iteration will be determined by the expression
P1,2 MTD (e)  P2 (e)  [1  P2 (e)]PbOD (e)

(4.4)

where PbOD(e) is calculated in accordance with (4.1) for SOCs with d = 9.
Inasmuch as p0 → 0 P2(e) ≈ p08 , while PbOD(e) ≈ p05 , then for sufficiently small p0 almost all incorrect MTD
decisions after the first iteration will be single. In this case, after the second iteration, they will be corrected,
or, according to the above theorems, some positions of the decoded flow will exhibit OD errors. In other words,
for sufficiently large values of p0 the main contribution to the sum (4.4) is made by the first additive, while for
small values it is made by the second.
Let us emphasize once again that the probability P2(e) is, in the interests of obtaining simplified estimates,
overstated by many orders, because, of course, the MTD at the first and second iterations corrects many error
configurations in a channel with large weight. To obtain a simplified estimate, we need to assume that in the
second iteration the MTD will always make an error with two or more errors within the code constraint length.
However, even in this case, for small p0 and when performing only two iterations of error correction with an
MTD algorithm, it is found that P1,2MTD(e) = PbOD(e), since in this case P2(e) << PbOD(e).
The results of the calculation of P1,2MTD(e) for the given code are shown in Fig. 4.2 (curve 3). The figure also
depicts the following probabilities: standard P1(e) for a classical TD (curve 1) and PbTD(e) (curve 2), and the
error probability p0 in a BSC channel.
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FIGURE 4.2
Specifications of MTD in BSC for two decoding iterations for SOC with d = 9

The results obtained are useful for assessing the asymptotic behaviour of MTD, but do not reflect its real
potential. It is therefore of great interest to evaluate the real capabilities of the given long code with a low EP
level. Dotted line М in Fig. 4.2 describes an experimental estimate of P1,2MTD(e), which, as expected,
corresponds to much more effective real operation of the decoder and the achievement of optimum
performance, on a par with exhaustive search algorithms, with a very high noise level in the BSC.
Even better calculation of estimates of Pb(e) for two, three or more MTD iterations is possible by increasing
the dimension of the PGFs used and with a detailed analysis of the probability of three or more decoder errors.
For example, [77] indicates that three-dimensional PGFs allow, for specified error probabilities p0, a two or
threefold improvement in the estimation of Pb(e) for codes with low error propagation in both convolutional
and block versions of the MTD.
Further improvement of estimates requires a transition to more complex PGFs and accurate computer
calculation of the probabilities. However, the analysis already carried out provides an ample understanding of
the nature and degree of decision improvement for such iterative error-correction schemes, so we may confine
ourselves to the estimates made.

4.3

Lower estimates of the error probability for an optimum symbolic decoder

Let us now estimate the OD error probability for QSC in the case of SOC use, too. These estimates can be
obtained in two ways. On the one hand, we may imagine a symbolic MTD, which with a good choice of code
parameters with a low EP level will consistently improve its estimates in the QSC channel. It is clear that the
dimensions of checks in the second, fifth and other iterations decrease somewhat, because the probability of
all information errors in iterations with higher numbers in checks is much lower than for invariable
probabilities in check symbols. In other words, we can assume that at sufficiently large iterations all checks
would have a dimension equal to 1 and cannot be less than this. In this sense, the situation encountered in the
discussion of lower estimates for the probability of OD error for binary codes is exactly the same for symbolic
OD equivalents. This suggests that dimension checks equal to 1 define a lower estimate for MTD error
probability. Moreover, as we know from Chapter 2, its decisions actually converge to an optimum decision.
On the other hand, we can find lower estimates for the optimum decoder error probability by considering
transitions of a zero code word to the next code words under the influence of QSC noise. Obviously, in the
case of SOC this boils down to the same approach, whereby all majority elements work such as to compare
two code words that differ in only one information symbol. Hence, the lower estimate for the OD error
probability will be obtained from the probabilities P1(e) in section 3.6 for symbolic TDs, where probabilities
pv are replaced by channel error probabilities p0, as if the dimensions of all checks were equal to 1.
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Let us discuss a method to obtain lower estimates for OD error probabilities. In all cases analysed, it is
necessary to identify the most common conditions under which the error vector will have a Hamming distance
to the nearest code word that is less than its own weight. The linearity of the code is sufficient for causing an
incorrect decision even by an optimum linear exhaustive search (!) algorithm. Considering an error vector with
these properties, we will take into account that it is necessary to analyse only those symbols of this vector
which correspond to the positions of checks related to the next decoded symbol i0. Let us write down the
probabilities of the most frequent events, which always lead to OD errors.
Erroneous events at decoding will be as follows [1, 64, 86]:
1)

All check symbols and the decoded symbol i0 are incorrect:
P1  p0J 1 ,

(4.5)

where J = d–1, d is the minimum code distance of a self-orthogonal code.
2)

All check symbols are incorrect, but two of them are identical, and i0 is received correctly:
P2 

3)

(1  p0 ) p0J J ( J  1)
2 ( q  1)

J 2


i 1


i 
1 

 q 1 .

(4.6)

One check symbol was received correctly, and the others are incorrect, as is i0:
P3  J (1  p0 ) p0J .

4)

One check symbol was received correctly, and also i0, but of all the other incorrectly received
symbols, there are three with the same error values:
P4 

5)

(1  p0 ) 2 p0J 1 J! J 4 
i 
P3  J (1  p0 ) p0J
1 
2
6(q  1) ( J  4)! i 1  q  1 



(4.8)
.

There are two correct check symbols, while all others, including i0, are incorrect, and there are
two incorrectly received check symbols with the same error values:
P5 

6)

(4.7)

(1  p0 ) 2 p0J 1 J ! J 4

4 ( q  1) ( J  4)! i 1


i 
1 

 q 1 .

(4.9)

There are three correct check symbols, while all others, including i0, are incorrect, and there are
three incorrectly received check symbols with the same error values:
P6 

(1  p0 ) 3 p0J 2 J ! J 6

36( q  1) 2 ( J  6)! i 1


i 
1 

 q 1 .

(4.10)

Note that for code distance d < 7, the last case does not require consideration, as it implies J = 6 checks in the
code, while for self-orthogonal codes d = J+1. Thus, the lower estimate of the optimum decoding error
probability is the sum of the probabilities Pi, i =1 to 6 found above.
A more complete list of events that lead to symbolic OD errors, and estimates of their probability and of the
probabilities of errors in the first symbol of a symbolic TD, are given in [11]. Of course, events (4.5)-(4.10)
are also quite sufficient to determine the OD error probability with good precision.
Furthermore, since at each step QMTD converges to an OD decision, we can expect that for a sufficiently high
noise level it will in most cases also achieve the optimum decision.

4.4

Soft MTD algorithm characteristics

In Chapter 2, we discussed methods of implementing MTD algorithms using soft modems. Let us estimate the
ultimate capabilities of soft MTD by the methods that were used to estimate the lower OD characteristics in a
BSC-type channel. We recall that it was proposed to calculate the error probability when determining the value
of a decoded symbol in SOC only for those d symbols that have two different adjacent code words. For this
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purpose, we can use the probability generating functions, similar to the PGFs for binary codes and a threshold
decoder operating in BSC.
Suppose there are M = 2m levels of signal quantization in the transmission of a binary flow and probabilities
pi, i = 0 to M–1, for soft modem decision hits in the i-th fragment of the decision area (see section 2.4). In a
fairly general case of estimates, we can determine the PGFs for a soft modem:
AM ( x ) 

M 1

 p j x(2 j  M )
j 0

.

Then, for the given code with d = J–1, the error probability with the correct choice of soft modem decision
areas will be determined by the expression

Pb ОД (e)   ci

(4.11)

i 0

where ci are determined from the expression

Ad ( x )  AM ( x ) J 1   ci x i

(4.12)

{I }

where {I} is the set of possible values of exponents obtained in the ordinary exponentiation of the PGF (4.12).
Figure 4.3 shows the lower estimates for OD error probability at M = 16 and different values of d, calculated
according to (4.11). A comparison of these graphs shows that soft ODs are actually 1.5 to 2 dB more effective
than hard ones. This major advantage of soft reception was decisive in the almost complete transition to soft
decoders in most real systems and communication networks.

FIGURE 4.3
Lower estimates of the bit error probability of an optimum decoder for SOC in a Gaussian channel
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MTD characteristics for erasure channels

Let us consider the characteristics in the case of SOC decoding using MTD in channels with random erasures
with probability ps. Suppose that a gradual recovery of erasures in information symbols occurs at various
iterations of decoding. Assume that there is an erasure channel. In this channel, we will obtain the probability
of non-recovery of the first decoded symbol of a block code if the symbol itself is erased and all checks are
erased as a result of the fact that at least one symbol in each of the checks related to the erased symbol is also
erased. These conditions have also been defined in the analysis of symbol clustering in Chapter 3.
Suppose, by way of illustration, that we analyse SOC with R = 1/2 and some value of d. In this case, the
dimension of all checks is J = d–1. Then the probability of the check being erased is
pv  1  (1  ps ) J .

Hence, the probability of non-recovery of the first symbol in this decoder will be equal to
Ps ( s)  ps pvJ .

It is clear that, with such an algorithm, information symbols will be corrected, or rather, recovered at various
iterations. However, on subsequent iterations there will be new and successful recovery attempts. If some of
the information symbols are restored, thereby creating new checks which facilitate the recovery of other
symbols, the iterative process will be successful. However, if during the check a check symbol is erased, that
check will never be useful in the recovery of any symbols. An information symbol will not be exactly restored
if it is erased; neither will all J check symbols relating to it. This defines the lower estimate for the non-recovery
of symbols, even in an optimum exhaustive search decoder:
PsOD ( s )  psd .

Figure 4.4 shows graphs of the probability of non-recovery of erased symbols P(s) of a code with R = 1/2 and
d = 7 for a single-step decoder (curve 1) and in an optimum decoder  PsOD(s) (curve 3) for an erasure channel
with erasure probabilities ps (curve “ps”). In addition, it shows experimental results for a multi-stage MTD
decoder with number of iterations I = 8 (curve 2). As can be seen from the graphs, the multi-step procedure
for recovering erasures works well even in the immediate vicinity of channel capacity at ps  0.5.

FIGURE 4.4
Characteristics of block MTD decoders in erasure flows in fading channels with d = 7 and R = 1/2
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Range of the effective application of majority methods

The research results presented in Chapter 3 indicate the possibility of reducing the EP level by choosing
sufficiently long codes with variable connections. This means that in such cases, for any code symbols im and
ij, there is exact or at least approximate equality
P(ej=1)  P(ej=1/em=1),
where ej and em are the decoding errors for a conventional, i.e. single-step, majority algorithm.
If these decoder errors are almost independent, however, then it is possible to estimate the boundary values of
error probability p0 in a BSC below which the use of MTD is efficient, by computing the average bit error
probability after the first, second and subsequent iterations as if the decoder errors at all iterations were
independent.
The key to this very simple and convenient approach lies, for example for convolutional codes, in the fact that
all errors whose probabilities are involved in the decoding error probability calculations fall into the category
of errors of the previous iteration (either a BSC channel or a Gaussian channel with soft modem for the first
threshold element) with probability pi–1 and errors of the current i-th correction attempt with probability pi.
Then, to find probability pi it is necessary to solve the following equation for a given probability pi–1
pi = f(pi, pi–1, p0),

(4.13)

where f() is the function that defines a common means of calculating the decoder error probability, described
in [4] and in this chapter, but implemented for different probabilities of errors in checks.
For example, for a convolutional code with R = 1/2, d = 7 with six checks, at the j-th check there are j–1
symbols with error probability pi, 6–j symbols with probability pi–1 and one (check) with the channel
probability p0. The probability that the j-th check containing these errors will also be incorrect is equal to
Pj = pa(1–pb)(1–p0)+(1–pa)pb,
where
pa = 0.5[1–(1–2pi)j],
pb = 0.5[1–(1–2pi–1)d–1–j],
p0 – error probability in a BSC.

Then, using the PGF, which includes a trivial check of the check equation system for calculating the probability
of threshold decoder error
6

7

j 1

j 0

A( x )  ( pi 1 x  1  pi 1 ) ( Pj x  1  Pj )   a j x j

we obtain
7

pi   a j
j 4

(4.14)
.

The numerical solution of equation (4.13) consists in choosing pi such that in (4.14) the equality pi  pi holds
for values pi–1 found from the previous iteration.
The results of application of the proposed estimates to a convolutional SOC to determine the probability of
decoder errors after the first, second and third iterations are shown in Fig. 4.5 for codes with d = 7 (group of
curves 3–5) and d = 11 (group of curves 6–8). Noting that the curve with “I = 1” in each group is an estimate
for a conventional TD, we can conclude as to a significant improvement in the decoding results for
convolutional codes with MTD compared to conventional TDs, at least in cases where long SOC codes with a
low EP level are used.
Finally, it is to be emphasized that the proposed procedure is only an estimate, that the dependence of decoder
decisions increases as the number of iterations increases and the number of remaining errors falls, and that the
actual decoding characteristics will, of course, for a large number of iterations, be worse than for those obtained
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using the approach outlined here. However, the approach fully serves its basic purpose, namely determining
the limits of the range of effective operation. Figure 4.5 shows OD error probability dependences for SOC with
d = 7 (curve 1) and d = 11 (curve 2).

FIGURE 4.5
MTD error probabilities after the first, second and third iterations of convolutional SOC decoding

The above analysis of the curves for SOC with d = 7 shows that the methods proposed in this section genuinely
improve the estimates of MTD performance significantly in comparison with the lower performance estimates
set out in § 4.2.
Clearly, the approach considered can also be applied where block codes are used [105, 131].

4.7

Methods of improving MTD performance

The previous section presented methods for estimating the noise level in a BSC-type channel below which the
MTD decoder can operate much more efficiently than traditional majority TDs. It emerges that they are very
close to real values, especially for codes with a small EP effect, i.e. that are sufficiently long.
Almost none of the methods for improving the real performance of MTD algorithms are as simple as the idea
of a reusable majority decoder. The following procedure describes what is probably the only simple way of
improving the capabilities of a majority algorithm that does not require greater decoder complexity yet
stretches the boundaries of effective functioning of an MTD.
Let us consider the behaviour of a conventional TD if we increase the value of the threshold element by 1 and
2 as compared with the standard level T0 = J/2, where J is the number of orthogonal checks of an SOC code.
Suppose that we have selected a code with d = 11. Then, following [4] and the methods discussed in section
4.2, a PGF can be used to calculate the decoding error probability, for example, of the first code symbol, from
two groups of events. The first includes all combinations of checks when a decoded symbol i0 with a probability
1–p0 is received correctly; and the second when it is received incorrectly.
If, for the probability of the presence of m or more incorrect checks, we introduce the notation Pm, then the
probability of errors in the first symbol Р1(е) takes the simple form [4]:

P1 (e)  PT0 p0  PT0 1 (1  p0 )

.
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If we increase the threshold value T by a small amount  = 1, 2, ..., i.e. T = T0+, the decoder will not introduce
errors in the message if the distorted checks do not exceed T, T > T0, although it will refuse to correct some
errors with weight T0–, i.e. less than T0:

P1 (e)  PT0  p0  PT0 1 (1  p0 )

(4.15)

This means that a TD with an inflated threshold introduces fewer of its own errors, but fails to correct some
errors in information symbols received from the channel. In particular, for components of the expression (4.15)
for a small channel error probability, the following relation is true
PT0 1 / PT0   p021

.

It is precisely reducing the decoder’s contribution to the formation of errors, which then have to be transferred
to another TD, that is the most essential feature of such a configuration. Errors that have not been corrected at
the first decoding attempt will for the most part be detected and corrected at subsequent stages of MTD.
Figure 4.6 shows the results of calculation of the probability of errors in the first symbol Р1(е) of a block code
with R = 1/2, d = 11 and  = 0, 1, 2 (curves 2–4). As can be seen from the shape of the graphs, the best results
with low noise levels are provided by TDs with  = 0, as should be the case for the types of channels and codes
considered. However, with a large channel error probability, better  although not by much  results are
obtained with  > 0, which allows us to recommend this method for implementing maximum possible MTD
performance.
Let us make one more remark, associated with the always complex problem of choosing codes. Fig. 4.7 shows
dotted curves 5 and 6, representing, respectively, a block code and a convolutional code, which, for an SOC
with d = 7 are, like curve 2 for d = 11 in this figure, the result of calculating the probability P1(e) with  = 0.
As with algebraic decoding methods, for TD with  = 0 we may also note the higher performance of codes
with smaller values of d compared to more powerful codes with a high noise level. This fact is useful in the
elaboration of effective coding procedures based on MTD.

FIGURE 4.6
Probability of error in the first symbol Р1(е) of a block code

4.8

Improving estimates for soft MTD characteristics

In [46], the implementation of effective majority functions in soft MTDs is discussed. It was shown that at low
noise levels, majority schemes with modems quantizing their decisions on binary symbols received on М = 4
levels can, in a Gaussian channel, provide performance limits that are 1.2 to 1.4 dB better than hard modems.
It turns out that it is necessary to calculate a fairly simple likelihood function L
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d 1

L  Winf (2d inf  1)  W jv (2s jv  1)

(4.16)

jv 1

where sjv represents values 0 or 1 of checks related to decoded symbol ij; Wjv represents coefficients, equal to
a small integer or real number if the check symbol corresponding to the check under consideration is deemed
reliable, and equal to 1 if the accuracy of the decision on the modem estimate is small; dinf is the difference
register symbol value D related to symbol ij; and Winf is an analogous coefficient determined by the reliability
of received symbol ij.
However, use of the relation (4.16) to determine the boundary of the effective operation of a soft MTD shows
that any improvement in the performance of the first decoder in a soft, as compared to a hard, MTD is small
and does not enable it to be used effectively, i.e. at much higher noise levels. However, it does enable the
simpler problem of improving reliability at low noise levels to be resolved.
An analysis of the reasons for the low efficiency of such an MTD showed that the disadvantages of the
decoding scheme stem from the fact that the check weights are determined in (4.16) only by the reliability of
reception of the check symbol of a code. At the same time, most error checks, i.e. checks whose values differ
from the true error in the decoded information symbol ij, are associated with an unreliable decision regarding
some other symbol in included in the checks. This leads to a sharp decrease in the efficiency of use of weights,
because their values do not usually match the actual reliability of the checks.
Let us consider a relatively simple change in the principle of choice of weights Wjv, which will allow a more
efficient use of check weights at initial MTD iterations with a high noise level. This is due to the fact that
function (4.16) is optimal for low noise and a small proportion of residual errors in the final stages of MTD.
Suppose that the weights of all checks are determined by the least reliable symbol im, included in checks related
to a symbol ij, m  j. In other words, if all symbols except ij are received correctly, then Wjv = 3 for this check,
irrespective of the reliability of reception of the decoded symbol. Otherwise Wjv = 1.
Using the function L when calculating the probability Р1(е) with reliability estimates based on this principle,
we obtain an error estimation probability in the first symbol of a block code Р1(е) for R = 1/2 and d = 5 at
M = 4 levels of quantization (curve 4 in Fig. 4.7) that is significantly improved for high noise levels. This
graph of the error probability P1(e) is supplemented by curve 3 for the same block code, corresponding to the
first stage of calculation of the weight checks defined by the reliability of reception of only check symbols. In
addition, for purposes of comparison there are graphs showing the probability Р1(е) of an MTD for М = 2 with
Т0 = 2.5 (curve 2) and Т1 = 3.5 (curve 1).
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FIGURE 4.7
Comparison of check weight calculation methods and assignment of thresholds for TD error probabilities

Thus, just a small tweak in the method for calculating check weights makes for a significant improvement in
the performances of the codes used when decoding them by means of MTD methods at a high noise level in
the case of soft modems. Generalization of the results for 8 and 16 levels of quantization is obvious.
It is to be noted that check weights can also be calculated using algorithms that are more complex. However,
the simplest method proposed above is altogether effective.
The material reviewed also yields an important result, which is actively used in the design of MTDs: even
when the thresholds for majority elements are not equal to the value J/2, and exceed it, the conditions of the
MTD theorem are met, and at each step when there is a change in the decoded symbols, the algorithm tends to
the optimal decision. In fact, an even more general statement is true: for some sets of check weights in an MTD
decoder for BSCs, the conditions of Theorem 2.2 will also be met, and at these weights the threshold overrun
will also always bring the MTD decision closer to the optimum. It is obvious that such sets of check weights
can be fairly numerous. These issues will be discussed in Chapter 5.

4.9

Conclusions

In this chapter, we have obtained approximate estimates of the average bit error probability Pb(e), the
probability of errors and the probability of erasure non-recovery in the first symbol of block, convolutional,
binary and symbolic codes correcting errors and erasures for various multithreshold decoding options.
A comparison of these estimates with the available data on majority decoding methods for decoding different
codes enables us to draw the following conclusions based on analytical estimates:
1)

The use of MTD significantly improves the reliability of data transmission in both block and
convolutional variants of the algorithm.

2)

The decoding error-propagation effect greatly complicates estimation of the decoding
characteristics, particularly at high noise levels. However, this effect is much smaller in longer
codes than in short ones. This allows, in the case of long codes, for the construction of
performance estimates that tally well with any given real capabilities of the algorithm: symbol
non-recovery probabilities and approximate estimates of the average error probabilities.

The above estimates are useful reference points for the study of experimental MTD characteristics obtained
from computer simulation of the channels and decoders, which are described in the following chapter.
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CHAPTER 5
Characteristics of the multithreshold algorithm
5.1

Experimental approaches

The results outlined in the previous chapter point to the possibility of achieving very high decoding
performance on the basis of the MTD algorithm without significant complication of the original majority
decoder [4]. However, for MTD, as for other algorithms, it is possible, for the codes used, to obtain analytical
characteristics with acceptable accuracy only at relatively low noise levels. For these reasons, it becomes
necessary to study the experimental characteristics of the decoding of codes with a number of decoding
iterations I = 3 to 20 or more in channels with a high noise level, using simulation techniques.
An important and useful factor that facilitates such studies by means of computer-based channel and algorithm
simulation tools is the fact that decoding error probabilities for codes with low code distance values at low
signal/noise ratios are sufficiently large, lying in the range 10–3 to 10–7. This provides adequate scope for
simulation with moderate computational costs and reasonable requirements in terms of computer time.
Thus, simulation is the only viable method of studying MTD with large numbers of iterations, particularly at
high noise levels in the channel. It is, ultimately, of the utmost value in resolving issues with the
implementation of specific decoders. Sufficiently accurate simulation results for a correct preliminary
assessment of the characteristics of any MTD modification can be obtained in a relatively short time, usually
from a few seconds up to three hours, for example, on a ~3GHz PC.
To implement simple and fast simulation of various decoding algorithms in channels with high noise levels,
software and hardware+software simulation packages have been developed to assess the efficiency of digital
data transmission via satellite and other communication channels. In addition to MTD, these packages include
a fairly wide range of efficient modern systems for improving the transmission reliability of data used in real
communication networks [86]. These simulators enable us to assess the extent to which various correcting
code decoders may be used in systems under development. As a result, it is possible to quickly and judiciously
design all the units of new communication systems being constructed, with the required levels of power
efficiency and implementation complexity, reduced decision-making times and other selection criteria for
systems to improve reliability. There are currently no known comparable simulators offering at least roughly
similar quality of results, ease of use and variety of encryption methods used.
This chapter describes the main features of MTD for block and convolutional binary and symbolic codes in
channels with independent errors and erasures, obtained on the basis of simulation of the algorithm. The
conclusions analyse the basic relationships and properties of the method derived from study of the resulting
experimental data.

5.2

Characteristics of MTD in a binary symmetric channel

Figure 5.1 shows the capabilities of MTD and VA in a BSC-type channel. It plots decoding error probability
based on MTD against the signal/noise ratio per bit for different lengths of codes with code rate R = 1/2, since
the code length completely determines the size of the coder and can be a rather critical parameter of a coding
system. Curve 1 refers to a code of length nA = 100, decoded by MTD with a number of iterations I  10, and
curves 2 and 3 correspond to codes of lengths 300 and 1 000. Finally, the graph shown by curve 4 represents
a particularly powerful coding/decoding system in BSC for a code length of 10 000 and I  20 decoding
iterations.
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FIGURE 5.1
Characteristics of some effective decoding algorithms in BSC channels

To facilitate comparison of MTD and VA capabilities, the same figure shows the VA characteristics for a
conventional code with K = 7 and R = 1/2 both in BSC (curve 5) and in a Gaussian channel with soft modem
(curve 6).
As indicated by the form of the graphs, for a code length of 1 000, MTD will be quite effective in a BSC-type
channel with a decoding error probability Pb(e)  10–6 or less. In this case, the hardware version of MTD on
the receiving side will be also very simple, fast and much more effective than even the Viterbi decoder with
soft modem. This is explained by the optimum decoding of a rather long code based on the MTD algorithm.

5.3

Characteristics of MTD in Gaussian channels

Figure 5.2 shows the characteristics of MTD algorithms for a Gaussian channel and soft modems with
parameters similar to those considered in the graphs in Fig. 5.1 for a BSC-type channel.
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FIGURE 5.2
Characteristics of soft MTD and VA in a Gaussian binary communication channel

As for the BSC channel, the MTD characteristics are constructed with a number of iterations I = 10 in all cases.
The exception is the curve furthest left in Fig. 5.2 (curve 4) corresponding to a very effective and long code
(constraint length nA = 5 000 bits) with I = 25 decoding iterations. In addition, the figure shows graphs of hard
(curve 6) and soft (curve 7) conventional VA for a code with К = 7, and the capabilities of MTD for
convolutional codes with lengths nA = 100, 300, 1 000 (curves 1–3). Finally, curve 5 depicts the case of
optimum decoding using codes with d = 11. Since Fig. 5.2 shows MTD for codes with d = 11, this lower
estimate is also a good reflection of MTD capabilities. It provides virtually optimal characteristics with very
low computational costs, usually accessible only with exponentially complicated exhaustive search methods.
Analysis of the latest publications on MTD capabilities also shows that, for other values of R and d, MTD
characteristics are as high as for the parameters in Fig. 5.2.
A comparison of the capabilities of MTD and VA shows that, in all the cases of MTD use considered, its power
is 1 to 2 dB better than when using VA. Note that in the hardware implementation MTD will be very fast, with
a throughput of up to 1 Gbit/s or more.
Switching over to block codes requires the use of longer blocks in relation to the constraint length of a
convolutional code. In this case, for a small (around 0.2 to 0.4 dB) decrease in characteristics, decision-making
time will be cut severalfold as compared with convolutional codes.
Note that the use of codes with rate R = 1/2 requires a twofold increase in the communication channel
bandwidth. If this is not possible, a low-redundancy code with R = 4/5 can be used. In this case, the bandwidth
extension is about 25%. Figure 5.3 shows the characteristics of such self-orthogonal codes with d = 7 and d = 9
with hard and soft modems. In all cases, the use of MTD with I = 10 iterations is assumed. As emerges from
the simulation results for the two codes in BSC and the code with d = 7 in a Gaussian channel, the improvement
in decoding characteristics when working in a Gaussian channel can be about 1.3 dB, which demonstrates the
utility of employing soft modems.
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FIGURE 5.3
Characteristics of self-orthogonal codes with R = 4/5, d = 7 and d = 9 when used with hard and soft modems

5.4

Symbolic multithreshold decoders

In many systems, it is particularly convenient to operate with data having a byte structure. This corresponds to
symbolic (non-binary) codes with q = 256. Note that, besides Reed-Solomon (RS) codes, currently there are
no globally effective and easy to implement methods of decoding symbolic symbol data. Let us compare the
probability characteristics of RS codes with QMTD capabilities. Suppose we are given an RS code with length
n = 255 symbols (symbol – 8 bits). It should be emphasized that QMTD has no code length restrictions at all,
because in a symbolic code there is no relation between length of code and alphabet size and, in addition,
QMTD performs only modulo 256 addition, subtraction and comparison.
Obviously, the symbolic threshold element discussed in Chapter 2 in the description of operations in QMTD
is the simplest device or subroutine with a number of additions and comparisons of small integers N  20 to
50 for all the small values of the minimum code distance d, d < 15 that should be used in such a decoder.
Let us consider the characteristics of symbolic MTDs in QSC. The symbol error probability Ps after decoding
as a function of the symbol error probability P0 in QSC for codes with code rate R = 1/2 is shown in Fig. 5.4.
Here, curves 4 and 5 show the QMTD characteristics for codes with block length n = 4 000 and 32 000 symbols
when using 8-bit symbols (alphabet size q = 256). The scope of simulation at low data points ranged from
5·1010 to 2·1012 symbols, reflecting the extreme simplicity of the method.
To obtain a decision that coincides with the optimum or is close to the OD decision (OD characteristics for
d = 13 are shown in Fig. 5.4 by the dotted line), a QMTD decoder for q = 256 requires from 5 to 20 iterations
(retries) of decoding of the received message. This is fully consistent with the capabilities of the MTD method
for binary codes. We also point out once again that the actual efficiency limit of symbolic (non-binary) MTDs
corresponds to a much higher noise level than in the binary case. For ease of comparison, the signal/noise
ratios per bit, expressed in dB, for a QSC received from a channel with orthogonal signals with q = 256 and
code rate 1/2 are additionally shown along the abscissa (x-axis) on this figure.
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FIGURE 5.4
Characteristics of symbolic codes with the code rate R=1/2 and Reed-Solomon codes in QSC

For comparison, Fig. 5.4 shows curve 1 with characteristics (255, 128) of RS codes for q = 256. Note that
QMTD is far more efficient than RS codes for symbols of the same size. When the length of a QMTD block
is increased, the difference in efficiency becomes even more substantial. In this case, the various methods of
improving the error-correcting capability of RS codes, including all variations of the Sudan algorithm [120],
have a complexity of order n3. For codes with length n = 32 000 symbols, this leads to a difference in the order
of about n2 = 32 0002  109, i.e. a billion times, whereas the error-correction improvement is very low. This is
illustrated in Fig. 5.4 with curve 3, which presents lower estimates for the Sudan algorithm characteristics
(255, 128) of an RS code.
An additional advantage of QMTD over other error-correction methods is that it supports easy operation with
symbols of any size, while providing the same high correcting capacity. This is confirmed by the QMTD
characteristics shown in the figure for a code with a length of 32 000 double-byte symbols (curve 6) and a
length of 100 000 four-byte symbols (curve 9). Note that this QMTD decoder for two-byte code with a length
of 32 000, which is very simple to implement, is capable of ensuring error correction that is fundamentally
unattainable even for an RS code with a length of 65 535 double-byte symbols (curve 2 in Fig. 5.4); and this
latter decoder is not liable to be implemented in the foreseeable future. In addition, a QMTD for four-byte
symbols outperforms by three orders of magnitude a more complex decoder of symbolic low-density codes
with a length of 100 000 four-byte symbols, an example of whose characteristics is shown in Fig. 5.4 by
curve 8 [119].
For transmission and especially storage systems, low-redundancy error-correction codes are of great interest.
In Fig. 5.5, QMTD characteristics for symbolic codes with R = 7/8, n = 48 000 symbols and q = 256 are shown
by curve 3, and characteristics of RS codes with R = 7/8 and q = 256 are depicted by curve 1. Here again,
QMTD is seen to have a distinct advantage over RS codes. In the figure, the signal/noise ratios per bit for QSC
with q = 256 and a code rate 7/8 are also shown on the abscissa (x-axis).
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FIGURE 5.5
Characteristics of low-redundancy symbolic and non-binary codes in QSC

The situation is similar when using codes with an even higher code rate R = 19/20. For that code rate with
q = 256, QMTD efficiency is shown by curve 4, and for RS codes by curve 2. The same high characteristics
are ensured by QMTD when using a larger alphabet. Curve 5 in Fig. 5.5 shows QMTD efficiency for a code
with R = 7/8 using double-byte symbols (q = 65 536).
It should be noted that to achieve such results with QMTD, it is necessary to choose codes very carefully, the
main selection criterion being the degree of resistance to the error-propagation effect. In [108], it is shown that
optimization of the structure of the SOCs used can further improve the efficiency of QMTD. In particular, the
characteristics of codes with q = 256 and code rates 1/2 and 7/8 found in [108] are shown in Fig. 5.4 and
Fig. 5.5 by curves 7 and 6, respectively. Note that these codes support efficient operation with larger QSC
error probabilities than previously reported [118], with the same level of decoding complexity.
The above results suggest that symbolic (non-binary) MTDs described in the USSR 30 years ago exhibit a
really high efficiency which is not available for decoders of RS codes. At the same time, the complexity of
QMTD implementation is very low and, as the detailed analysis in [121, 122] shows, can be significantly
reduced even further [1, 64, 78, 101].

5.5

Decoding in erasure channels

Figure 5.6 plots results of MTD simulation in channels with independently occurring erasures. For a channel
with a high erasure probability (ps  0.5), it shows the potential of an MTD decoder with a number of decoding
iterations I = 10 for three code rates: R = 1/3, R = 1/2 and R = 2/5 (curves 1–3). As can be seen from the data,
the iterative approach improves error recovery characteristics by many orders of magnitude compared to [4].
Note that a successful correction with MTD is possible close to the theoretical boundary – channel capacity С,
since С = 1–ps  1/2.
In the second version of a code with R = 2/5 (curve 4), the number of symbol recovery iterations was increased
to I = 15 in the simulation of a decoding process. In addition, this second experiment imposed finding a special
code, more adapted to operating near channel capacity. As emerges from a comparison of the results of two
experiments with R = 2/5, even the very high erasure recovery characteristics obtained in the first variant can
be improved with little additional effort.
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FIGURE 5.6
Characteristics of multistep MTDs in erasure channels

5.6

Software implementation complexity

Having considered the efficiency of MTD, let us turn to the complexity parameters of this algorithm. When
considering the complexity of software decoder implementation, one actually applies in practice the classic
algorithm theory approach to the problem of complexity and to evaluating the number of operations needed to
decode one information symbol.
Let us start with a most simple threshold algorithm for binary data flows. In coding, it is necessary only to
calculate check symbols. In the case of a code like SOC with code distance d, each information symbol is to
be modulo 2 added to the code check symbols as an additive d–1 times. This constitutes the complexity of the
coding, which is always a very simple procedure.
A linear systematic code decoder always contains a coder required to calculate the code syndrome. Using this
coder, it is necessary first to re-calculate the code check symbols with respect to the received information
symbols, and then to add the symbols calculated and received from the channel by modulo 2 so as to calculate
the syndrome vector. As a result, the complexity of this step is d. Next comes the actual decoding step, which
simply adds in the usual way J = d–1 checks related to a decoded symbol ij. If the algorithm is chosen so that
almost all the channel symbols are corrected in it, i.e. the BSC error probability p0 is small enough, then with
a probability of the order of p0 all checks and the decoded symbol have to be inverted, which requires d
operations. Thus, the average number of operations of a threshold decoder (TD) is estimated as
NTD = (2+p0)d.
Let us consider the MTD complexity estimates. MTD differs from the TD in that it repeatedly (i.e. I times)
summarizes checks and a difference register element for each information symbol. The number of corrections
of decoded symbols is determined in some cases by the fact that part of the decoded symbols are adjusted
incorrectly in the early decoding stages (iterations). These additional error symbols will be corrected in
subsequent decoding iterations. Therefore, we may assume that the proportion of changes of the total number
of information symbols is close to 2p0. This is sufficient to estimate the average MTD complexity for SOC at
I iterations, taking account the availability of difference register, as
NMTD = (I+1+2p0)(d+1).

(5.1)

Thus, the actual complexity of MTD is the product of the number of iterations I and the code distance d.
Moving on to estimates of software implementation complexity based on a formal algorithmic estimate (5.1),
we can assume that the software costs associated with the processor architecture, the computation of array
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indices and the organization of computing cycles may increase the number of operations required to implement
the MTD algorithm by a factor of 3 to 8 times.
Experience in the design of software code systems shows that these estimates are acceptable. In particular, a
protocol to compare software implementation complexity for the Viterbi algorithm and MTD that was created
when developing MTD confirms that the proposed estimates of the levels of “overhead costs” for IBMcompatible PCs with Windows operating systems are quite realistic and may be used in preliminary
examination of MTD software performance. The protocol suggests that MTD on a computer with a clock rate
of 2.8 GHz provides 3.0 dB higher levels of code gain with four times better performance compared to VA
with a code rate R = 3/4. Measurements of MTD performance on microprocessor technology also correspond
to these estimates.
In-depth analysis of software MTD versions has shown that the decoder spends most of the operating time
calculating the sum of checks at different decoding iterations. In most cases, the count result does not lead to
inversion of the decoded symbols, since the sums are the same as at the previous iteration. In addition, the sum
of checks for a typical information symbol is in most cases much smaller than the threshold value at almost all
iterations with large enough numbers. This holds true even if some of the symbols included in the checks were
also changed prior to the check calculation. The situation described was the starting point in studying the
possibility of further reducing the  already very small  volume of calculations in MTD software versions.
It emerged that, with a slight decrease in the CG achieved with MTD, it is possible to further reduce the number
of MTD algorithm operations many times. If for a specific MTD algorithm CG is close, for example, to 8 dB,
then 0.1 dB of losses is an acceptable value. The final average complexity of an MTD algorithm for such
negligible CG losses was equal to
NMTD2 = c1d+c2I,

(5.2)

where c1 and c2 are small integer coefficients.
It is worth emphasizing that the complexity of this modified MTD algorithm in terms of number of operations
is lower by about two decimal orders (exponents) than that of other error-correction methods with comparable
efficiency [1, 76, 86–89, 100].
A good example of a modified variant of a software version of an MTD decoder corresponding to extremely
low complexity of implementation (5.2) can be downloaded from SRI RAS’s bilingual specialized
information-methodology and scientific-educational website at www.mtdbest.iki.rssi.ru or from the
equivalent RSREU portal at www.mtdbest.ru. From the page entitled “education”, click on the links
“demo_quick” and “directions” and download the “.exe” module of this ultrafast demo software together with
an array of input data and simple instructions for its use. The software demonstrates the high operating
efficiency of an MTD, even in a channel with a significant noise burst component. Based on an array of
3 million bits, the software MTD shows a performance of the order of 1 million bits of information per
gigahertz of computer clock rate with a relatively high channel noise level, i.e. on a mid-range PC an MTD
performance of 10 to 30 Mbit/s is achieved for a very high noise level.
This software has been successfully tested for the decoding of real digital flows in special digital television. In
such a system, decoding in the communication channel is performed by means of new convolutional codes,
which are proposed for standardization in mobile television systems. Along with Gaussian noise components,
the software successfully decodes simultaneously occurring error bursts of a few tens of bits, fully correcting
such “spikes” of noise without compromising performance. The software makes it possible to regulate the
duration of error bursts and the noise level of a Gaussian component of the error flow, which clearly illustrates
the high MTD performance obtained in difficult noise environments.
There are no other known simple decoding algorithms offering comparable efficiency and the same extremely
high performance in software versions.

5.7

Coding equipment requirements

Hardware versions of decoders are subject to completely different requirements from software versions. Many
microprocessors allow memory sharing and have multiprocessor nodes. However, these circumstances are
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taken into account very simply in assessing improved versions of computers and the extent to which
calculations in software algorithms are speeded up.
In the design of hardware decoders, the presence of tens and hundreds of small calculators working in parallel
fundamentally changes the approach to the issue of choosing an algorithm for decoding digital flows with high
noise levels. This also fully applies to equipment built on the basis of FPGA components, including Xilinx,
Altera and other types. In this case, the decisive factor is the algorithm’s capability for parallel processing,
which gives hardware versions of decoders a huge advantage over software versions. A good example of a
method that lends itself to parallel processing is the Viterbi algorithm. Quite efficient decoders were developed
on this basis many years ago, albeit only for shorter convolutional codes, since VA complexity increases
exponentially with the length of the codes used.
It is plain that MTD algorithm offers good opportunities in terms of parallel processing. For hardware
implementation, for example, of convolutional codes, all the threshold elements are implemented
independently and in parallel in different parts of the LSI. As a result, MTD complexity in the hardware version
is the same as for a conventional TD, where the main costs are associated with implementation of the threshold
elements themselves. Parallelization speeds up the operation of MTD hardware enormously (50 to 300 times)
compared with other algorithms, since for other decoders that are very effective with high noise levels it is
very difficult to resolve the problem of speeding up operation to any real extent through hardware parallel
processing. However, this is only the first level of parallelization.
It emerged that MTD offers another, no less effective way of speeding up calculations. In fact, MTD, like a
conventional TD, fundamentally only counts the sums of checks. These are sums of a small number of short
integers. Therefore, we can set the conditions for decoder elements, parameters of codes used, modem and
threshold values in threshold elements in such a way as to allow the functions of summation and comparison
in a threshold element to be carried out by simple and rapid means, even at high noise levels.
This problem has also been resolved completely and unambiguously. Now, for many types of codes, it is
possible to implement threshold elements that will instantly give a decision at each shift step of registers in a
convolutional MTD. This is the second level of parallelization. In some cases, the code polynomials of the
codes used have to be adapted to the requirements of particularly simple parallelization and faster operation of
threshold elements.
As a result of implementation of the second level of parallelization of operations, the MTD decoder turns into
a device that, to an external observer, appears as if does not perform any calculations whatsoever. In other
words, at each data shift step, the threshold elements in MTD shift registers truly simultaneously and instantly
form decisions on forthcoming changes of decoded symbols.
This means that it is as if such an MTD does not make any calculations, and the only limitations on its
performance stem from the marginal speed of data movement through the decoder shift registers and the
number of registers working in parallel in the decoder. Single-bit modulo 2 adders, adders of small integers
and standard shift registers are among the fastest elements of digital technology. Therefore, simple estimates
show that the performance of such hardware MTD with the approach described here is about three decimal
orders of magnitude better than that of other algorithms at high noise levels, and may vary widely. This method
of speeding up MTD operation is patented in [123].
It may thus be argued that MTD is a very effective device on the basis of the criteria of high code gain with
absolute record speed. It should be noted that the efficiency of convolutional MTD, being as if invisible “from
the outside”, in some ways is similar to the situation encountered with absolute parameters, such as absolute
zero in physics, or 100% efficiency in mechanics. The problems of improving MTD algorithms to approach
maximum possible values of code gain are also successfully resolved.

5.8

Characteristics of MTD decoders based on FPGA

Figure 5.7 shows the latest results achieved in the field of high-speed MTD-type decoders based on modern
FPGA for a code rate R  1/2. Curve 1 refers to the development of convolutional MTD based on Xilinx FPGA
[88, 102] at a speed of the order of 100 Mbit/s, which can be easily implemented at speeds up to 480 Mbit/s.
It is much more efficient than VA a (curve 3), and differs only little from the performance of a standard and

74

Optimization Coding Theory and Multithreshold Algorithms

highly efficient concatenated decoding scheme with VA and a Reed-Solomon code decoder (curve 4), while
being far simpler.

FIGURE 5.7
Characteristics of standard VA and best MTD decoders in a Gaussian channel

Curve 2 corresponds to MTD with 40 decoding iterations, constructed on the basis of Altera FPGA for speeds
of the order of 1.6 Gbit/s [110, 112, 113]. It is worth highlighting its most important feature: this conventional
basic decoder configuration of this type, which does not even belong to concantenated structures, is much more
effective in terms of the noise level at which it operates than the previous configurations in Fig. 5.7. The high
degree of efficiency of this decoder is attributable to new developments in the search for codes with low error
propagation at their correction, which, in turn, allowed the transition to a larger number of decoding iterations.
It can be argued that such a configuration is certainly among the best non-concantenated error-correction
procedures known in coding theory and technology. Of course, the successful operation of the MTD algorithm
in such high-noise conditions in accordance with the fundamental code properties is only possible with a
substantial increase in code lengths and decoding delay.

5.9

Code gain of decoding algorithms

Figure 5.8 below shows graphs of the MTD code gain, based on data taken from Fig. 5.7. It is assumed that
bounds of decisions in a soft modem are selected close to optimum [25]. To compare the different decoding
methods, CG graphs are plotted for conventional VA with K = 7, conventional concatenated code (VA+RS)
[26] and a highly efficient near channel capacity decoder for turbo code [1, 35]. All codes have a code rate
R = 1/2, except for the concatenated code VA+RS, whose rate is R = 0.5·0.875 = 0.4375.
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FIGURE 5.8
Characteristics of modern coding methods

As may be seen from a comparison of these methods, the characteristics of MTD may be very close to full
power capacity. In this case, a convolutional version of MTD would probably be about two orders of magnitude
faster than other algorithms. The upper curve 1 shows the marginal, theoretical values of CG corresponding to
the equality R = C = 1/2.
It should additionally be noted that the results presented in Fig. 5.8 for turbo codes relate to the best decoding
algorithms, working with non-quantized demodulator decisions, a scenario which on account of various
constraints is often unacceptable in the hardware implementation of a decoder. In the transition to simpler
algorithms, operating with demodulator decisions quantized to several levels, losses of 0.5 dB or more are
possible. The characteristics of MTD were obtained with due regard for the hardware implementation
requirements.
Figure 5.9 below for codes with optimal decoding shows maximum possible values of the bit error probability
Pb(e) versus the signal/noise ratio for the Gaussian channel. These graphs are supplemented by equal CG
curves, enabling actual CG values to be easily estimated for any coding algorithms in Gaussian channels with
both soft and hard modems.
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FIGURE 5.9
Maximum possible bit error probability and CG as a function of signal/noise ratio
for different code distances d of optimally decodable codes in a Gaussian channel

Here is an example. To estimate the CG of any coding methods in the centre of Fig. 5.9 there is a point A at a
value Es/N0 = 1.0 dB and Pb(e)  2∙10–4. This point is right on the curve G = 7. In other words, this point
corresponds to the “primary” CG of 7 dB. Let us determine the true CG value for the algorithm which
corresponds to point А in this example.
For this purpose, it is necessary to subtract from 7 dB a value of power losses, which is determined by the code
rate of the used code. For example, if R = 1/2, the losses will be 3 dB, which corresponds to a true CG level in
this example of 4 dB. At a rate R = 3/4, these losses are close to 1.25 dB, and the true code gain value is thus
5.75 dB.

5.10

Fast MTD for satellite and optical channels

MTD characteristics and other basic decoding algorithms with R ~ 1/2 are presented in Fig. 5.10, which shows
probability Pb(e) as a function of the energy Eb/N0 of the Gaussian channel. The vertical line corresponds to
the channel capacity C = 1/2. Curve 1 (VA) represents the classic Viterbi algorithm (VA) with a code length
K = 7. Curve 2 (CC) indicates the possibility of a concatenated VA scheme for the same code and a ReedSolomon (RS) code of length 255 with R = 7/8 and decision delay L ~ 32 000 code symbols. Curve 3 (LDPC
CDM-710) shows the characteristics of a DVB-S2 low-density code with length n = 64 800 used in the
CDM-710 modem [141]. Because of the need to simplify the method as compared with the exact decoding
algorithm, decoder performance proved to be more than 0.5 dB worse than with the exact method. This
decrease in effectiveness of hardware decoders is typical for many other decoding algorithms, too. For
instance, the characteristics of a STANAG 4486 Edition 3 standard turbo code, implemented in a DMD2050E
modem [142], are shown by curve 4 (Turbo dmd-2050E). These characteristics are also worse than when using
decoding algorithms without simplifications.
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FIGURE 5.10
Performance of turbo code, LDPC, Viterbi algorithm,
concatenated code and fast MTD decoders

Curve 5 (MTD1) is given for a binary convolutional code with R = k0/n0 = 32/64, d = 17, length nA = 65 792
for I = 96 iterations and decision delay less than L = 1 600 000 code symbols. It works effectively in a Gaussian
channel with a modem quantizing its decisions at 4 bits (16 levels) with a very low ratio Eb/N0 = 1.5 dB. Its
scheme satisfies all the requirements necessary to implement such an MTD at the theoretically highest speeds
for the selected set of components. A hardware decoder comprises basically 99% memory shift registers of
less than 7.5 Mbit. If the components support the creation of shift registers at a speed Vr equal to, for example,
200 Mbit/s, then in this decoder, when implemented according to the patent in [123], the overall speed of data
movement in the MTD is Vd = k0 * Vr, i.e. in this example, where k0 = 32, Vd = 6.4 Gbit/s, the maximum
theoretically possible value. The decoder circuit is really simple. It corresponds exactly to the principles of
MTD and is implemented in hardware in full compliance with the way the decoder was simulated. Therefore,
with the current rapid growth in transfer speeds, fast MTDs with good energy gain are the leaders in both
software [86] and hardware implementation. As can be seen from Fig. 5.10, MTD is comparable with LDPC
and turbo codes in terms of efficiency, but is always far superior to them in terms of both speed and at the
same time complexity. Other methods are even more inferior to MTD in terms of not only speed, but also
efficiency at high noise levels. MTD as proposed can also be used in the development of systems for flight
tracking of civil aircraft, as advanced by the International Telecommunication Union (ITU). Its record speed
allows extremely fast reception of a large quantity of critical information over channels with a high noise level
and in the shortest possible time. Even more promising is the use of MTD in optical communication channels,
where the huge data rates require the fastest decoding algorithms. MTD is very well suited in this case: it
always maximizes hardware performance to the theoretical limit.
It should be noted that the significant increase in the decoding delay may allow the MTD algorithm to work
with even a higher level of noise. It is still clear, nevertheless, that a signal energy level of the order of 1.5 dB
with code rate R = 1/2 is a natural boundary below which our fast MTD will be too complex in terms of large
memory in its shift registers, number of error-correction iterations and operating speed. However, this
observation regarding the current boundary value of real channel power for coding methods is also valid for
many other error-correction algorithms in Gaussian channels.
Curve 6 (MTD2) presents the capabilities of MTD, which clearly exhibits a significant reduction in the size of
the decoder even for a very small increase in the power of the communication channel to Eb/N0 = 1.7 dB. It
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has R = 16/32, nA = 42 464, I < 45, decision delay L = 272 000 and a total shift register memory of not more
than 1.4 Mbit. It also ensures the maximum possible operating speed for the selected set of components.
Moreover, it must be pointed out that this MTD is so simple that, as for the Viterbi algorithm, the MTD
hardware implementation always corresponds exactly to the algorithm itself, and no deterioration in the
characteristics of the equipment occurs.
Finally, the third high-speed MTD decoder option for a Gaussian channel power Eb/N0 = 1.9 dB is shown in
curve 7 (MTD3). It has R = 16/32, nA = 32 464, I < 40, decision delay L = 192 000 and a total shift register
memory of not more than 880 kbits. From a comparison of the three curves for MTD and the decoding
parameters put forward, it can be seen that as channel quality increases, MTD decoders rapidly decrease in
size and decision delay, while remaining the fastest error-correction methods for the selected set of
components.
If the channel power is increased to a level of more than 2 dB, the MTD decoding delay and the number of
required iterations are reduced severalfold, and the use of multiple speeds or codes with variable connections
becomes unnecessary. Thus, MTD is the simplest and most effective decoding device for binary channels
among all known methods.
Note that, at a high noise level, various software MTD versions operate at speeds of up to 20 Mbit/s. This is
illustrated by various demo programs [68].
Work is currently being carried out on the development of an MTD algorithm at R = 1/2 for a noise level
~ 1.3 dB. But it will be characterized by much higher calculation volumes at the threshold elements.
Another notable example emphasizing the useful properties and genuine potential of MTD is associated with
curve 2 (CC:VA*RS). This is the only curve in this figure for a concatenated code with R = 0.4375
(concatenated methods are described in detail in Chapter 6). Alongside it we see curve 8 (MTDS), which
demonstrates the capabilities of the simplest MTD algorithm for a classic SOC code with rate R = 4/9 ~ 0.444,
very close to the concatenated code. It should be emphasized that this MTD, too, may also be implemented as
an extremely high-speed decoder for the selected set of components. But the most important point is that this
very simple majority non-concatenated device displays the same efficiency as a well-known concatenated
system with very decent performance. The proposed MTD carries out no more than i = 25 iterations and has a
decision delay L = 64 200 code symbols. Nor does this MTD have any restrictions in terms of decoding speed.
This concludes our analysis of the main features of MTD algorithms.

5.11

Conclusions

The data presented in this chapter, which are in line with the fundamental results set out in Chapter 2 and also
the estimates and recommendations in Chapter 3, have shown the excellent characteristics of MTD algorithms
with a correct choice of code and decoder elements.
In essence, MTD exhibits good practical capabilities in all major types of channels with independent errors
and symbol erasures. Successful experiments with MTD in terrestrial communication channels with a
significant noise burst component testify to the fact that, even in this situation, the capabilities of MTD can be
implemented more than conclusively [86].
A brief comparison of MTD with Viterbi algorithm and other error-correction methods shows that, comparing
such basic non-concatenated methods, MTD is much more effective, as was demonstrated in this chapter for
an example of long codes and convolutional MTD.
As observed above, with a good choice of code, a block MTD, with virtually the same size decoder as a
conventional TD, ensures optimal decoding in many cases. It is here that MTD offers an advantage over other
error-correction procedures. Moreover, single MTD errors are easily eliminated with the aid of simple
concatenated methods with very low external code redundancy. Therefore, good results may be expected from
the application of MTD in more complex coding systems. Issues pertaining to the construction of such systems
are addressed in the next chapter.
The MTD algorithm has demonstrated high decoding speeds in its software version and also exhibited unique
capabilities in terms of throughput in its FPGA implementation.
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Of course, it has to be pointed out that, according to the fundamental principles of coding theory, high levels
of performance with MTD, as with all other efficient algorithms, are achievable only with very long codes.
However, if the number of decoding iterations is I > 10, then the use of convolutional MTD leads to a decision
delay in decoding of thousands, and sometimes tens of thousands or more, of symbols. Hence, such a coding
scheme can only be employed in high-speed satellite and space communication channels, where delays of even
more than 105 bits are quite acceptable.
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CHAPTER 6
Use of multithreshold decoders in complex systems
6.1

Complex coding systems

The above results relating to MTD characteristics are of fundamental importance: for the first time in a fairly
long period of development of coding theory and techniques, a promising modification of one of the simplest
known decoding methods – majority decoding – has been discovered. As a result of this modification, for a
wide range of channel noise levels and coding rates, it is possible, with correct selection of codes, to provide
decoding that is essentially equivalent to the optimum for these codes. The complexity of the method is also
quite low.
Of course, from a theoretical point of view, those codes for which MTD is such a powerful algorithm have in
formal terms a particular disadvantage: for the block and convolutional SOC codes used, the ratio d/n is
between 5 and 100 or more times less than is allowed by the theoretical code bounds, in particular, the
Varshamov-Gilbert bound [34]. On the other hand, it is known from error-correction coding theory that at high
noise levels, in particular RC < R < C, the bit error decoding probability Рb(e) using optimum decoders is not
only determined by the free or minimal code distance d, but is also dependent on its spectrum of weights, at
least the initial part in the region  (3-5)d.
Clearly, the error probability depends even more strongly on the decoding algorithm chosen, if it is not optimal.
That is why the near-optimal characteristics of MTD for long codes confer such a great advantage over other
algorithms, both in BSC and in Gaussian channels.
Finally, there is one more very useful aspect: MTD errors in the region of near-optimum decoding are mostly
single. All this helps to successfully resolve complex problems in implementing MTD in code systems for
various applications.
Below we consider problems of applying MTD-type algorithms in various concatenated schemes, in complex
code structures, with special signals and in other systems.

6.2

Use of MTD in concatenated schemes

The advent of concatenated codes opened up a new chapter in the development of coding techniques [32].
These codes have accelerated the implementation of coding theory results in communication technology and
provided scope for new research [13, 26, 33, 36, 70, 73, 90, 92].
Let us briefly recall the advantage of concatenation. Assuming that for conditional complexity N0, expressed
in certain units, for code C0 with parameters (n0, k0, d0) a selected decoding algorithm D0, for a given code rate
R0 = k0/n0, will ensure a decoding error probability defined by the standard curve 1 in Fig. 6.1.
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FIGURE 6.1
Benefits of concatenated schemes over conventional algorithms

Let us change code C0 to a code C1 of the same class with parameters (n1, k1, d1), code rate R1 > R0 and algorithm
D1. Next, add another code C2 with rate R2 and parameters (n2, k2, d2), so that R1R2 = R0. In other words, we
replace the one-step coding procedure with two independent sequential procedures and the total code rate R0
remains unchanged.
The coding procedure using two codes C1 and C2 starts with the standard coding of information with the
external code C2, which leads to an increase in the total resulting number of symbols by a factor of 1/R2 in
comparison with the source data. Then the entire new data stream is directed as an informational sequence not
into the channel, but into the internal coder of code С1, which results in even greater redundancy of the message
compared to the first stage of coding. Only after this procedure is the message fed into the channel. At the
receiving end, the decoders of the internal code С1 and then of the external code С2 operate in series. This is
the sequential concatenation scheme. Currently, experts are proposing and analysing many different types of
concatenated schemes.
The code С1, which in a correctly designed system can be much shorter, is subjected to the decoding procedure
D1 of the same class as D0, with its conditional complexity N1 < N0. The resulting error probability Рb(e) due
to the condition R1 > R0 and the choice of a simpler code will correspond curve 2 in Fig. 6.1. Further, by
applying the decoding procedure for code С2 with complexity N2 to information symbols of the code С1 it is
possible to obtain the resulting decoding error probability represented by curve 3. At a certain noise level, this
curve will be below curve 1 and, importantly, the overall complexity of decoding N1+N2 is much lower than
N0. Concantenated schemes thus ensure better decoding at lower cost.
It should be borne in mind that there is a narrow range of BSC input probabilities p0 at high channel noise
levels within which, as seen in Fig. 6.1, the source code С0 may be slightly more efficient than the concatenated
code. However, this may be the case for somewhat large actual decoding error probabilities Рb(e) of both
coding systems, where the use of coding is generally ineffective.
If both codes С1 and С2 are binary, the resulting coding scheme is often referred to as “iterative”; and if С2 is
symbolic, such as an RS code, it is in fact a concatenated code with parameters n0 = n1n2 and d0 = d1d2.
Note that the internal code C1 now has to meet less stringent decoding error probability requirements than code
C0. The difference between the required correction capabilities of the codes may be several orders of
magnitude. Thus, decoder D2 of code C2 usually successfully decodes messages with error probabilities of (for
example) around 10–3 to 3∙10–3, while the decoder of code C0 could not exceed an error probability of 10–5 at
the same input noise level, e.g. p0  0.05 for R = 1/2. The difference in the input noise level with the same
probability Pb(e), shown in Fig. 6.1 for curves 1 and 3, demonstrates the benefits of concatenation.
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Concatenation with the use of parity check codes

It is appropriate to consider coding systems in which the rate of the internal code C1 would differ little from
the rate R0, i.e. where the relationship R0 ≲ R1 holds, although this requires an improvement in the external
code efficiency. Let us consider such a scheme [93,105].
Suppose we are given a block binary code with odd d and R = 1/2. Let us also assume that, for some probability
p0, the decoding result differs arbitrarily little from the OD result. Let us choose some sufficiently long (n, k,
d) parity check code with parameters (k2+1, k2, 2), k2  100. We form a concatenated code in such a way that,
with the block code (2k1, k1, d1), decoded by MTD on k2 information blocks of length k1, the (k2+1)-th block
of identical length k1 is formed. Bits of this block are the bitwise modulo 2 sum of corresponding bits of all k2
source information blocks. The (k2+1) information blocks obtained are coded by majority decodable code of,
for example, the SOC-type, and fed into a Gaussian-type channel, in particular, BSC.
Suppose further that the MTD decoder ensured a bit error probability PbMTD (e)  1 in the receiver. We also
assume that, in order to implement concatenated coding after the last iteration I ≈ 10, MTD has stored all sums
of checks at the threshold element (TE) for all decoded symbols. We will assume that the parity-check code
(PCC) uses the information on checks provided by the internal decoder. The decision reliability i = |mi – d/2|,
where mi is the sum of checks, is calculated for all (k2+1) PCC block symbols. If a parity check detects an error
in a block, it changes the symbol for which the reliability i is minimal. If there are several such symbols, they
remain unchanged.
Let us estimate the error probability of such a decoding scheme. First, decoding error in PCC is possible in the
case of two errors in a block. The probability of such an event does not exceed

P2e (e) 

(k2  1)k2 MTD
[ Pb
(e)]2
2
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Secondly, an incorrect decision by a concatenated code decoder is possible if there has been a decoding error
for one external block symbol with reliability i and all other symbols have been decoded correctly but include
one or more symbols with the same or even less reliability. In any of these cases, there is a concatenated code
decoding error, as the number of errors in the external code block is at least not decreasing. The probability of
this group of events is estimated above as
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Assume that in the noise region where MTD and OD decisions are practically the same, the probabilities of
the other combinations of channel errors which lead to errors in the selected concatenated code decoding
procedure are small and can be neglected in the evaluation of characteristics. In this case, the probability Рb(e)
of the whole concatenated scheme is estimated as
Pb (e) 

2[ P2 e (e)  P1e (e)]
.
k2

Note that if the internal code has a code distance d, then the suggested algorithm corrects any combinations of
d–2 errors as well as a significant number of errors with greater weight.
Figure 6.2, curves 1 and 3, shows estimates of the probability Pb(e) for two concatenated codes consisting of
internal SOCs with code rate R1 = 1/2, d1 = 7 and R1 = 1/2, d1 = 9 with external PCC of length k2 = 49. These
estimates were obtained assuming optimum decoding of internal SOCs.
Note that the use of (k2+1) parallel code streams of the internal MTD, at least for small probabilities p0, is
optional. This was done only in order for probabilities of erroneous symbols in an external code block to be
considered strictly independent. Therefore, we may leave the single stream of internal decoder symbols in
which every 50 symbols of MTD decision will be a block of external code. Owing to error clustering, the
characteristics of this much shorter concatenated code will deteriorate somewhat. However, in the low-noise
region, the MTD result will not deviate significantly from the optimum.
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FIGURE 6.2
Characteristics of concatenated codes with parity-check codes

6.4

Convolutional decoders in a concatenated parity-check code

The above-mentioned concatenated block codes never exploited the fact that PCC must somehow be linked to
the internal code block parameters. Therefore, in accordance with the principle of single-stream concatenation
described above for the block case, the code information symbols in a convolutional internal code are divided
into groups of (k2+1) symbols each, and a PCC with parameters (k2+1, k2, 2) is formed for each group. The
final decoding of the concatenated code in this case breaks down into independent processing steps for each
of the sub-blocks with (k2+1) symbols. Probability estimates for critical situations, as in the previous section,
are made via probabilities P1e(e) and P2e(e). At the same time, of course, the value of k2 should not be too
small, to ensure that R2 = k2/(k2+1) does not significantly deviate from unity.
Thus, when coding convolutional concatenated codes, the information stream symbols are divided into groups
of k2 bits completely independently of the coding constraint length nA and of the length of the message to be
transmitted. An additional check digit is formed for each group. The resulting stream, which is (k2+1)/k2 times
longer, is fed into a conventional convolutional coder.
Figure 6.2 shows simulation results for the operation of a convolutional concatenated code MTD with k2 = 49,
R1 = 1/2 for d1 = 7, nA = 1 400 (curve 2) and for d1 = 9, nA = 3 000 (curve 4). To obtain the results presented,
up to I = 10 decoding iterations were used.
During the simulation, a single change was introduced that distinguishes it from the decoding procedures for
which the effectiveness estimates above were made. The external PCC was inserted into the decoding process
not after the final decoding iteration, as described above, but after each decoding step in the MTD. Thus, the
MTD for the internal SOC received support from the external decoder by very simple means. This interaction
of the decoders significantly improved performance.
Hence, the effective operation of convolutional concatenated codes in the high noise region considered allows
us to construct decoders that provide high CG values.
The proposed method of decoding concatenated codes is also applicable in the case of the internal code MTD
with a soft modem in a Gaussian communication channel.
Concatenated code simulation results for a convolutional SOC with various code distances for k2 = 49 for an
AWGN channel with 16-level quantization are shown in Fig. 6.3 by curves 2 (d1 = 7) and 4 (d1 = 9). The dotted
curves 1 and 3 correspond to simulation results for conventional MTD for the same SOCs without an external
decoder. As can be seen from the graphs, effective and theoretically simple concatenation of SOC and PCC
very significantly improves the performances of MTD with a soft modem with M = 16. Curve 5 is plotted for
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a concatenated code with R1 = 1/2 and d1 = 6 and PCC, which works in the region Eb/N0  1.5 dB for up to
30 iterations.
Note that a relatively small (about 2 dB) CG difference in specific, relatively simple algorithms from the
theoretical limiting CG values strongly suggests that the research is on the right track and leads us to conclude
that these very simple concatenated codes are very promising.

FIGURE 6.3
Characteristics of MTD with PCC in a channel with AWGN

6.5

Symbolic concatenated error-correction schemes using modulo q check codes

The simplest concatenated scheme for improving the efficiency of symbolic MTDs is their concatenation using
codes with modulo q check [105, 118]. All the concatenation principles are similar to the case considered
earlier of binary concatenation with parity-check codes.
Figure 6.4 shows the efficiency of using, in QSC, a concatenated coding scheme consisting of a symbolic SOC
(QSOC) for an alphabet size q = 256 and a modulo q check code [121, 109, 116]. Additionally, signal/noise
ratios per bit for QSC with q = 256 and code rate 1/2 are plotted along the abscissa (x-axis).
The results presented were obtained with the aid of computer simulation. The internal stage used QSOC with
code distance d = 9 and code rate R = 1/2. In conjunction with this, the external cascade used modulo q check
codes with lengths L = 100 and L = 20. The use of the external code with block length L = 100 reduced the
decoding error probability by more than two orders of magnitude, while use of a code with block length L = 20
resulted in a reduction of more than three orders of magnitude, by introducing greater redundancy. Power
losses due to the decrease in code rate are around 0.04 dB in the first case and 0.22 dB in the second. The
increase in the volume of computation operations in the concatenated code was less than 20% compared with
the initial QMTD algorithm.
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FIGURE 6.4
Efficiency of a QSC concatenated coding scheme consisting of a symbolic SOC (QSOC) for
the alphabet size q = 256 and modulo q check code

It should be noted in addition that using RS codes, even with such a powerful tool as concatenation, a decoding
error probability of 10–6 can be obtained only with a channel error probability of 0.18 or less.

6.6

Concatenated error-correction schemes based on symbolic MTDs and non-binary
Hamming codes

The analysis of QSOC concatenation using modulo q check codes suggests that this approach can significantly
reduce the decoding error probability in the effective operation of QMTD. At the same time, modulo q check
codes have insufficient correction capability. It is therefore appropriate to examine variants of QSOC
concatenation with more powerful external codes that allow decoding with low complexity of implementation.
In [109, 122], it is proposed that the symbolic Hamming codes be used as external codes of the concatenated
scheme. However, the symbolic Hamming codes known from existing literature [115] have some drawbacks
that prevent their use in a concatenated scheme. In particular, during the coding and decoding of symbolic
Hamming codes, all operations are performed in extended Galois fields. A significant disadvantage of the use
of Galois fields to encode and decode information is that, with large symbols, symbolic implementation of the
operations in this field is too complex. In addition, the length of a symbolic Hamming code is calculated as

n

qm  1
q 1

where q is the alphabet size and m the number of check symbols. In this case, even when using double-byte
symbols, the code length is too great (over 65 000 symbols). As a result, a decoder of such symbolic Hamming
codes can correct only one error in a block of 65 000 symbols, which makes this code unsuitable for use in
concatenated coding schemes.
To overcome these drawbacks, we propose modifying binary Hamming codes so that, in the coding and
decoding processes, operations with q-ary symbols are performed only using q modulo arithmetic [109]. In
this case, the check matrix has the same form as in the binary case ( H h  (Ch : I ) ), and the generating matrix
Gh, for example, for a (7, 4) symbolic Hamming code, takes the form
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1

0
Gh  
0

0

0
1
0
0

0
0
1
0

0 1 1 0 

0 0  1  1
 ( I : ChT )
0  1  1  1

1  1 0  1

In such an approach, the process of coding and decoding of the proposed symbolic Hamming codes needs to
perform only modulo q addition and subtraction operations [109]. Note that extended symbolic Hamming
codes can be obtained easily from the proposed symbolic Hamming codes by adding the modulo q check
symbol to a code word.
The basic principles of coding and decoding of such symbolic Hamming codes are detailed in [109]. Let us
merely note here that decoders of these codes may correct not just one but, in the great majority of cases, two
errors. In [109], analytical performance estimates for these concatenated schemes are also presented, which
show that they are able to reduce the decoding error probability in the area of effective operation of QMTD by
three or more orders of magnitude compared to the baseline QMTD.
Figure 6.5 shows the decoding error probabilities obtained by computer simulation for decoding concatenated
codes consisting of non-binary SOCs with code distance d = 9 and code rate R = 1/2 and non-binary Hamming
codes with block length N2 = 127 (or an extended symbolic Hamming code with block length N2 = 128). To
obtain the results, the QSC-type channel model was used with q = 256, for which the error probabilities and
signal/noise ratios per bit for the code rate 1/2 are plotted along the abscissa (x-axis).

FIGURE 6.5
Characteristics of a concatenated code decoder consisting of QSOC with R = 1/2 and
symbolic Hamming codes in QSC with q = 256

For comparison, Fig. 6.5 also shows the characteristics of conventional QMTD for QSOC with d = 9 and
R = 1/2. Comparison of these curves shows that use of a symbolic Hamming code together with QSOC enables
error decoding probability at the output of a concatenated scheme in the effective area of operation of QMTD
to be reduced by three or more orders of magnitude. Such results are unattainable with decoding methods based
on RS codes. We should note in particular that adding the external symbolic Hamming code to QSOC increases
decoding complexity by no more than 30%.
By moving to an extended symbolic Hamming code, it is possible to reduce error probability by even more
than one order of magnitude. The decoding complexity of the resulting concatenated scheme will increase by
no more than 5% compared to the variant discussed above. In addition, it should be noted that estimates
obtained in [109], shown in the figure as dotted lines, are precise enough for a preliminary assessment of the
characteristics of the proposed decoders for these concatenated codes.
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In Fig. 6.5, the curve “QMTD(d=17)+Extended qHamming (n=128)” shows decoding error probabilities of
the concatenated code consisting of QSOC with code rate R = 8/16, code length n = 32 000 and code distance
d = 17, and extended symbolic Hamming codes of length 128 bits. It is evident that with the help of this
concatenated scheme it is possible to ensure a decoding error probability of almost 10–15 with a symbol error
probability in the channel of 0.267; this is a very significant achievement in the field of symbolic code
decoding. The two bottom points of the curve are error probability estimates, since no decoding errors were
recorded during the simulation (the simulation scope was 1013 symbols).
The results of computer simulation for high-speed QSOC with code distance d = 5 and code rate R = 7/8 are
shown in Fig. 6.6. In this case, too, the use of a symbolic Hamming code in the external stage reduces the
decoding error probability by three orders of magnitude, and the use of an extended symbolic Hamming code
results in a reduction of almost five orders of magnitude. We recall that with the aid of RS codes for the same
alphabet size q = 256, a symbol decoding error probability of10–5 can be achieved only with a channel symbol
error probability of 0.03 or less. The signal/noise ratios per bit for QSC with q = 256 and code rate 7/8 are also
shown on the abscissa (x-axis).

FIGURE 6.6
Characteristics of concatenated code decoder consisting of QSOC with R = 7/8 and
symbolic Hamming codes in QSC with q = 256

6.7

Concatenated error-correction schemes based on symbolic MTDs and non-binary
SOCs

To further improve decoding efficiency in the external stage, it is possible to use even more powerful codes,
such as symbolic self-orthogonal codes, decoded using QMTD [114, 116]. Let us describe the principles of
coding and decoding using such a concatenated code.
Suppose that an internal symbolic code C1 has a code distance d1, code length N1 symbols and length of
information part K1 symbols, while an external symbolic code C2 has a code distance d2, code length N2 and
length of information part K2. Using these codes, we can form the product code, i.e. the information message
upon coding is first written into a K2 x K1 matrix. The data are then coded by columns using the code C2 and
the result is coded by rows using the code C1. As a result, owing to the linearity of the constituent codes, each
row of the matrix is a code word of the internal code and each column is a code word of the external code. The
total length of the code is N1N2 symbols, while the length of the information part is K1K2, the minimum code
distance d1d2 and the code rate R = K1K2/N1N2. After completion of the coding procedure, data are read from
the matrix by rows and transmitted over QSC.
Suppose that in the decoding of this concatenated code, the QMTD initially decodes a symbolic internal SOC
(decoding all rows), and then, using another QMTD, the external symbolic SOC is decoded (decoding columns
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corresponding to the information symbols of the concatenated code). At the same time, the external code is
decoded using a conventional QMTD, which does not use the information from the internal code QMTD. In
this case, it is easy to achieve the lower efficiency estimates for the concatenated code decoder. For this
purpose, according to the procedure described in section 4.3, we estimate the decoding error probability Pin of
the internal QMTD. This error probability depends on the code distance d1 of the internal code and the channel
error probability P0. In order to estimate the error probability of the external code decoder, we use the same
method as for the channel error probability Pin and the code distance d2. This is possible because, for the
concatenation variant in question, errors from the external code decoder at the input of the internal code
decoder are independent.
Figure 6.7 shows the results of an experimental study of the proposed concatenated error-correction scheme
for single-byte symbols. The signal/noise ratios per bit for QSC with q = 256 and code rate 1/2 are also shown
on the abscissa (x-axis). Curves 1, 2 and 3 show the QMTD simulation results obtained previously for the
conventional symbolic SOC; QMTD for symbolic SOC with optimized structure [108]; and the concatenated
scheme based on it using non-binary Hamming code in the external stage, respectively. Curve 4 corresponds
to the efficiency of a concatenated scheme consisting of a symbolic SOC with code distance d = 5 and code
rate R = 8/16 in the internal stage and symbolic SOC with code distance d = 7 and code rate R = 19/20 in the
external stage. The external code QMTD operated without any additional information from the internal code
decoder.

FIGURE 6.7
Comparative efficiency of the concatenated scheme consisting of internal and external QSOC and other methods
of error correction based on QMTD in QSC with q = 256

It will be noted that the use of this error-correction method resulted in some improvement in the efficiency of
the concatenated code decoder that uses an extended Hamming code in the external stage. Let us recall that
the RS codes that have hitherto been used in various data transmission and storage systems, even using
concatenation and the best decoding algorithms with a complexity proportional to the cube of the code length,
can offer a comparable decoding error probability only if the channel error probability is of the order of 0.18
for a code rate of R = 1/2. The proposed concatenated decoding methods, on the other hand, preserve a linear
complexity of implementation, which is very important for modern high-speed systems used for transmitting
large amounts of digital data, and correct up to 27.5% of byte errors with the same code rate.

6.8

MTD usage in multi-position modulation systems

The characteristics of MTD-type decoders adapted for PMN and APМN signal systems are analysed in [62].
Figure 6.8 shows graphs of bit error probability Pb(e) at the output of a multithreshold decoder versus the
signal/noise ratio Eb/N0 in the communication channel with quadrature amplitude modulation using 16, 32 and
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64 symbol constellations (curves 1, 2 and 3, respectively) [63]. Between 10 and 15 block SOC decoding
iterations were performed with a code rate R = 1/2, code distance d = 9 and length n of about 8 000. The results
presented were obtained for the case of a hard modem. Figure 6.8 also shows the characteristics of a Viterbi
decoder for a code with coding register length K = 7 (curves 4 and 5). As can be seen, the Viterbi decoder is
substantially inferior to the multithreshold decoder in such conditions.

FIGURE 6.8
MTD efficiency in channels with QAMN

Figure 6.9 shows the characteristics of MTD for the same block code as in Fig. 6.8, in a channel with multiposition phase modulation (PMN). It is evident that the relationships between the characteristics of the
multithreshold and Viterbi decoders are preserved with PMN, but the complexity of practical implementation
of multithreshold decoders is two or more orders of magnitude lower. This allows multithreshold decoders to
be applied in high-speed data transmission systems that are subject to significant restrictions in terms of
expansion of the frequency band used.

FIGURE 6.9
MTD efficiency in channels with PMN
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Use of MTD for unequal error-protection codes

Unequal error-protection (UEP) codes attract the attention of many researchers in the field of coding. These
codes are characterized by the fact that different groups of symbols, for example in a block systematic code,
are included in a different number of check symbols as summands [43, 95]. As a result, information symbols
in such codes, even with optimum decoding, will be decoded incorrectly with different probabilities, which
are determined by the minimum distance between code words that differs only in terms of the symbols included
in one of the subgroups.
Use of MTD for decoding codes with R = k0/n0, k0 = 2, 3, … incidentally also solves the problems of UEP
decoding. For example, in the construction of a conventional SOC with d = 7to 11 and R = k0/(k0+1), it is
necessary to have k0 polynomials defining the form of the (k0+1)-th check code branch on the first k0
information symbols. Transition to UEP codes can be achieved by the use of such polynomials for block and
convolutional SOCs that might have, for example, a different number of non-zero coefficients in the generating
polynomials – from 5 to 9, instead of seven. It is important that this is accompanied by a reduction in the
channel signal/noise ratio at which MTD can operate effectively with the same code rate.
Figure 6.10 shows MTD characteristics for a binary code with R = 3/4 and d = 7 in BSC (curve 4), and marginal
code error probabilities for low noise with d = 5, 7 and 9 (curves 1 to 3). Graphs 5 to 7 correspond to the results
of using MTD to decode convolutional UEP codes of SOC type with code lengths for the first, second and
third branches equal to 5, 7 and 9, respectively. The number of decoding iterations in all cases is I = 6.

FIGURE 6.10
Characteristics of UEP codes

As can be seen, the marginal Pb(e) characteristics are obtained at a somewhat higher channel error probability
p0 than p0  0.017 for the source code with d = 7. Use of the proposed UEP code to transmit (in this case) threedigit numbers may significantly reduce the mean square error.

6.10

Use of MTD in parallel concatenation schemes

As already noted in this chapter, the possibility of using many error-correction methods, including MTD, is
limited by codes with relatively small correction capability. Particular values and manifestations of these
limitations are also very specific to the various algorithms. For example, in VA very stringent restrictions on
efficiency arise owing to the complexity of implementation, i.e. the volume of computations and memory
required. In MTD, on the other hand, the limitation on CG growth with increased minimum code distance d is
manifested in a deterioration in check efficiency. This is because, as the check dimension increases, the
probability of faulty checks at a sufficiently high noise level rapidly approaches 0.5, undermining their use in
majority schemes. This explanation of the limitations and properties of majority schemes stated by recognized
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authorities [4, 6] meant that for a long time majority methods were not included among the favoured lines of
development of coding theory and techniques. Although the development of research on MTDs pushed the
boundaries as regards the efficiency of majority methods, the deterioration in the efficiency of checks as d
increases once again becomes apparent, as in a conventional majority decoder, but with a significantly higher
probability p0 for BSC as well.
One of the more conventional ways of compensating for this limitation, as shown above, is the use of MTD in
concatenated coding schemes. However, the use of sequential concatenated code schemes complicates solution
of the synchronization problem. In addition, the need to compensate for the CG loss due to the rate R2 < 1 of
the external code, which may be 1 dB or more for a total CG of about 7 to 9 dB, leads to a decrease in growth
of CG of such a concatenated code compared to source non-concatenated codes of low and medium reliability.
Let us consider a scheme of coding and decoding that is somewhat freer of these features of the basic MTD
algorithm and the noted deficiencies of concatenated schemes. We shall call it “parallel concatenation” [96].
This is perhaps one of the first proposed schemes, if not the very first, involving this type of concatenation.
Let us assume that some SOC with variable connections with R = k0/n0 = 5/10 and d = 11 is given by
k0×(n0–k0) = 25 polynomials with weight 2. Each of the five check branches of the code contains (d–1) = 10
summands, or two from each information branch.
Let us now transform the code by selecting the first four check branches under the first stage decoder with
checks of smaller dimension, for example, six from each information branch. The remaining check
relationships relate to the fifth check branch. It will have a check dimension of 20. These checks, along with
checks of smaller dimension, will be used in the second decoding stage also based on MTD-type procedures.
Let us analyse the parallel concatenation scheme thus obtained. First, we note that this approach to coding
schemes actually allows us to obtain two codes: the first (internal) code С1 with R1 = 5/9 and d1 = 7; and the
external code С2 with R2 = 5/6 and d2 = 5. In this case, both codes belong to the SOC class, and, importantly,
the aggregate also remains SOC owing to the principle of its construction. Creation of two codes with different
transmission rates based on the same information sequence allows us call this method “parallel concatenation”
(PrC).
Decoding using the internal code with R1 = 5/9 does not differ in any fundamental way from concatenated
schemes. It is more or less effective owing to the small increase in R1 compared to R0 = 1/2, and the smaller
code distance d1 = 7 compared with the source code with an initial minimum code distance d0 = 11. Thus, for
decoding of the code С1, only conventional features and capabilities of SOC and MTD are used.
Once MTD (or any other efficient algorithm) significantly reduces the error probability Pb(e) in the received
message by using the code С1, transition to the main stage of the decoder operation follows: decoding of the
complete code with R0 = 1/2. This is what embodies all the benefits and uniqueness of parallel concatenation.
If, in sequential concatenated schemes in the second stage of decoding based on the external code, R2 ≲ 1, then
in parallel concatenation the rate of the decoded code in the second stage is equal to R0, i.e. in this example
R0 = 1/2. It is the significant decrease in the code rate in the second stage of decoding that defines the advantage
of the parallel concatenation algorithm. As a rule, in a concatenated code with R2 = 4/5, the efficiency of MTD
and other algorithms is acceptable if its input symbol error probability Рb(e) after the first stage is significantly
less than 10–2. In the case of a parallel scheme using MTD, the second stage will be fully functional with an
input error probability for this stage of p0  (2...3)  102 or higher. This difference in the marginal performance
of a scheme with an MTD decoder at a lower rate is what determines the advantages of parallel concatenation.
Let us explain why it is impossible to use all checks in SOC directly without the first stage of decoding. For
the code in question, checks of the fifth branch have a very large dimension and in the first stage with р0 = 0.06
to 0.07 they are completely useless, because in the code with R2 = 5/6 they are correct with a probability of
less than 0.54 and incorrect with a probability of more than 0.46, i.e. they carry almost no information about
the decoded symbol. Only with a decrease in the error probability p0 after the first stage of decoding to a value
of 3∙10–3 does the probability of correctness for this check reach 0.70, i.e. these checks are much more
useful. This is demonstrated by MTD at the second stage of correction.
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Figure 6.11 shows plots of decoding error probability for an SOC-type code with R = 1/2, d = 13, achieved
using PrC-based MTD. Curves 2 and 3 correspond to marginal values of Pb(e) for codes with d = 7 and d = 13
in BSC without memory. The dotted curve 1 represents the decoding error probability with an internal code
with R1 = 5/9 and d1 = 7 at I1 = 6 iterations of the first and I2 = 4 iterations of the second decoding step for the
complete code with R0 = 5/10 and d = 13.

FIGURE 6.11
Characteristics of MTD decoder in a parallel concatenation mode for BSC

Figure 6.12 shows similar graphs for a code operating with a soft modem, with М = 4 in a Gaussian channel.
As can be seen from these results, soft decoding based on MTD, as in the case of other coding schemes,
increases the CG by around 1 dB.

FIGURE 6.12
Characteristics of MTD decoder in parallel concatenation mode for a Gaussian channel

Thus, parallel concatenation increases CG for a fixed error probability Pb(e) = 10–5 in the region of already
high initial efficiency of MTD in BSC without memory and in a Gaussian channel. This confirms the potential
usefulness of this decoding method in real-life communication systems.
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Decoding of codes with separate branches

As noted above, the increase in coding efficiency and, most importantly, in the efficiency of the subsequent
decoding of linear codes by MTD means, is limited by codes with relatively small code distance in comparison
with the best codes of sufficient length. Nevertheless, the increase in CG for longer SOCs with a small errorpropagation effect compared to a conventional majority algorithm is so significant that MTDs for BSC are
only comparable with highly complex decoders implementing the Viterbi algorithm for long codes with К  7
and necessarily operating with soft modems.
However, in the class of block or convolutional SOCs, further CG growth is possible only by increasing the
code distance d and maintaining their almost optimum decoding at high noise levels. This possibility exists in
principle, as follows from the permitted values of channel signal/noise ratio, as well as code rates and code
structures. However, with increasing code distance, the level of MTD decoding approximates to the optimum
only at increasingly high signal/noise ratios. This delimits the range of its uses as a base algorithm in, for
example, concatenated schemes.
To some extent, the problems of expanding the MTD efficiency range are solved by using it as an internal code
in schemes similar to concatenated schemes (section 6.3). However, traditional concatenated schemes have to
compensate for the CG losses due to the presence of a high-speed second code R2. The magnitude of these
losses is defined as (–10 lgR2) dB and can be 0.5 dB or more. In parallel concatenation, this drawback is
partially compensated and, in that case, the CG of MTD surpasses CG in traditional and concatenated versions
of this algorithm.
As already noted, the improved performance of a parallel concatenated scheme as compared with sequential
schemes is due to the fact that the second stage decoder was operating in this scheme with R0 = 0.5, and not
R2  0.8-0.9 as in the sequential scheme.
Some possible ways of further developing MTD by improving its performance in the first decoding stage in a
parallel concatenated decoder with R0 ≈ 0.5 are considered below. This also ensures growth of CG without
recourse to other high-complexity error-correction algorithms.
A common feature of MTD and some other algorithms is reduction of the marginal probability pm, for example,
in BSC, below which MTD works almost optimally if the check dimension grows. This approximately doubles
the reduction in marginal error probability when moving from R = 1/2 to R = 2/3, for example, for SOCs with
d = 7. If with R = 1/2 the dimension of all majority checks is 6, then when moving to R = 2/3 the dimension
increases to 12, and the quality of checks, the i.e. probability of deviation from 0.5 for correct and incorrect
checks, is greatly reduced. As a consequence, an increase in R in a particular majority algorithm reduces the
maximum channel error probability Pbound with which this algorithm can still function.
If we compare two systematic codes С1 and С2 with the same minimum distances d and J = d–1 checks for
R1 = k0/n0 and R2 = (k0+1)/n0, k0 < n0–1, then the ratio of check dimensions m1 and m2 for these codes will be



m2 (k0  1)(n0  k0 )

1.
m1
k0 (n0  k0  1)

In sequential and parallel-concatenated decoding schemes, requirements regarding the correction capabilities
of the code С1 are much lower than for the whole code С0. This, in fact, helps to compensate for the increased
rate R1 of code C1 compared with code С0. However, that difference is still significant in terms of the resulting
final CG.
Figure 6.13 shows the principles of transition from conventional codes to codes designed for PrC, and finally,
to separate-branch codes, which further improve the power characteristics of the coding.
Suppose that, as an example, in all cases we consider codes with R = 5/10. The cells of each rectangular 5 × 5
array indicate the number of checks, i.e. a weight of one of the 25 code generating polynomials Gi,j,
corresponding to the i-th check and j-th informational branches of the code, 1 ≤ i,j ≤ 5. Then the sum of
numbers in the i-th row of the table defines the dimension of SOC checks based on the i-th check branch taking
into account informational symbols in all five branches. These sums are indicated in the right-hand columns
next to each table.
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The sum of numbers in the j-th column is the total number of checks related to symbols of the j-th information
branch and thus defines the code distance for that branch: d = J+1. Later in this section we assume that all
5

codes considered have equal protection of all information symbols, so that
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FIGURE 6.13
Principles for constructing parallel codes and separate-branch codes

Table a) constructed in this manner corresponds to a code with the check dimension equal to 5 (shown to the
right of the table) for 5 checks relating to each information branch (d = 6). This is conventional SOC with
variable links. Table b) details the weights of polynomials Gi,j for d = 7. Since J = 6 is not a multiple of
r0 = n0–k0 = 5, not all check branches contain the same number of summands relating to the same information
branches, but the total number of summands in all check branches is also the same.
Codes related to tables a) and b) cannot provide a code gain of more than 5 dB at Pb(e) ≈ 10–5, a value,
conventionally, as in other sections, referred to as high enough for the current state of the art. Table c) shows
parameters of a code with d = 11, which differs from the previous ones only in having a greater code distance,
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which for a sufficiently long SOC ensures the necessary efficiency. Finally, table d) shows data for SOC with
d = 15. This code provides even higher code gain but only for small decoding error probabilities, for example,
Pb(e) ≈ 10–8. This is explained by such a significant decrease in the marginal probability pm of conventional
MTD during transition from code a) to the code from table d) that the CG of a code with d = 15 at
Pb(e) ≈ 10–5 will be somewhat less even than for code c), as MTD with code d) at a given point will not
effectively decode a code with such a large check dimension.
Before any further analysis of the tables in Fig. 6.13, we note something important which will help us to
compare the parallel and sequential concatenated codes in another respect. As was noted, both codes are
characterized by the fact that the rate R1 of the code C1 of the first (internal) stage is greater than the resultant
rate R0 of the code as a whole. Let us compare the rates of codes R1 in the sequential and parallel codes.
Suppose that in both cases R0 = 1/2 and R2 = 5/6. Since in the sequential concatenated code R1 = R0/R2, then
R1 = 3/5 = 0.60. In the case of the parallel code considered with R0 = k0/n0 = 5/10, which was constructed based
on the parallel principle with R2 = k0/(k0+1) = 5/6, we find that R1 = R0R2/(R2+R0[R2–1]) = 5/9 = 0.555. As we
can see, a parallel concatenated code has an inherent advantage over the sequential concatenated code in terms
of the code rate R1 in the first stage of decoding. This advantage is enhanced in the second stage of decoding,
since, as was noted, the decoding of the sequential concatenated code is implemented with R2 = 5/6, and for
the parallel concatenation with R0 = 1/2, for the example under consideration.
Continuing the analysis of the tables in Fig. 6.13, table e) corresponds to the parallel code with R1 = 5/9 and
R2 = 5/6. The top four rows of the table refer to the code R1, and the fifth row, separated from them with two
rows, to the code R2. Comparison of tables d) and e) shows the main difference between conventional SOC
with variable connections and a parallel code: in the latter the check dimension m of the code С1 is less, and
that of code С2 greater, than the check dimension of a conventional SOC.
It will be noted that both codes have the code distance d = 15, since the sum of polynomial weights in each
column in both tables is J = d–1 = 14. It will now be observed that in the parallel code for the code С1, the
distance d1 = 9, and m = 10, instead of m = 8 for SOC with R = 1/2 and the same d = 9. This is the payoff for
using R1 = 5/9, which leads to a decrease in the marginal probability pm of effective operation of the MTD in
the first stage. Conversely, the decrease in d from 15 to 9 in the transition from conventional code with variable
connections to a code with R1 from the parallel code increases the value of pm. In this case, as was shown by
the results in the previous section, it is possible to select the parallel code parameters in such a way that the
resulting marginal pm will still be a little higher than in a conventional code.
Below, a method is proposed of further redistributing weights of checks of various branches in the code
generating polynomials, which is an extension of the parallel concatenation concepts. Redistribution and
organization of more complex step configurations of polynomial weights within the table columns offer new
possibilities of interaction of the codes that make up a parallel concatenated code. Now, their alternative
decoding takes place in conditions corresponding to the operation of codes with a code rate lower than the
code rate R1 and, in some cases, lower than the overall rate of the whole code R0.
Note that such a possibility, based on interaction of codes, was proposed in monograph [97], which is
interesting from the theoretical point of view of generalized concatenated code construction. However, in
generalized concatenated codes, this result is achieved by complex interaction of several (four, six, or more)
decoders of dissimilar codes, making it difficult to implement this approach in practice.
In separate-branch codes, as the new codes will henceforth be called, the complexity of the whole decoding
process lies only in the fact that threshold elements in different decoding iterations are allocated various groups
of checks (2 to 4 such groups from the total amount), instead of taking account of all symbol checks of the
complete code С0 at each iteration in the threshold elements. In other words, some checks are not used in some
decoding iterations, i.e. are excluded from the summation procedure. Herein lies the complication of the
method. In the simplest particular case of two check groups – only for code С1 and for the whole code С0 –
separate-branch codes thus become parallel concatenated codes.
An example of SOC with separate branches can be a code with the polynomial weights shown in table f) in
Fig. 6.13. Suppose that the decoding process starts with the first information branch, i.e. polynomials in the
first column, and for only the first four of them containing 3+3+3+3 = 12 checks. Note again that the code
with R = 1/2 and d = 13 would have a check dimension for their checks equal to 12, and in this case the

Chapter 6

97

dimension of all code checks for the first information branch before the start of decoding is only 7. This is
achieved because polynomials in other information branches have less weight than polynomials in the first
branch within the first four check branches.
Once the decoding error probability in the first information branch has been reduced by about an order of
magnitude and check errors are almost absent from this branch compared to other branches, it is possible to
start decoding all the other information branches together with the first branch. At this point, we can arbitrarily
assume that for the second and the other branches with d = 5, the check dimension will be 4, since the
contribution of the first branch to the check error probability will be quite low and can be disregarded in
calculating the subtotal of weights by rows in table f).
After completion of decoding within the first code С1, as in the parallel code, the complete code С0 with d0 = 15
is decoded. Prior to this final stage, the average density of MTD errors in all information branches will be less
than 10, although in the first branches it will be much smaller. In that case, the large check dimension of the
fifth branch will be insignificant, allowing us to fully decode the received message almost as effectively as
with the optimum decoder for this code.
Finally, we can consider codes not with one separately allocated first branch, as shown by the example of table
f), but with two or more such branches. Table g) shows four types of branches. Here, the code С1 provides
varying protection of five information branches with check numbers of 12, 8, 6, 4 and 4, respectively. Thus
the first, then the first two, three and finally all five information branches are injected into the correction
process in succession as the density of remaining errors in the previous branches decreases. In decoding the
first information branch with J = 12 in a code with R1 = 5/9, the check dimension m is 9, i.e. even less than in
a code with R = 1/2 with d = 13, and the check dimension relating to the second information branch (obviously
excluding the first) with J = 8 is 6, which is also less than with R0 = 1/2. It is then possible to carry out the
decoding procedure for the other branches.
Of course, the situation described with regard to check dimensions in separate-branch codes is actually not
simple. When working at high noise levels, it is not possible to significantly reduce the error probability in the
first branch before, for example, the second branch joins the decoding process. This is due to the presence,
albeit to a limited extent, of the error-propagation effect, and to the low efficiency of checks. However, with
the correct choice of codes, CG really increases.
Finally, it should also be pointed out that the separate-branch codes must be of sufficient length. Only then is
it possible to ensure a low level of error propagation at the significant channel noise levels at which they are
effective.
Figure 6.14 contains experimental graphs of probability Pb(e) versus error probability in BSC p0 for separatebranch codes with polynomials Gi,j corresponding to the code e) in Fig. 6.13. The total length of the
convolutional code C0 is nA = 5 000, the code rate R = 1/2, the code distance d = 15, and number of iterations
I = 14. Curve 1 corresponds to the average bit error probability Pb(e) for all information branches after the
seventh iteration for code C1, and curve 2 to the probability Pb(e) for the whole code after the 14th iteration of
the BSC without memory.
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FIGURE 6.14
Characteristics of separate-branch codes

Curve 3 represents a separate-branch code with the same rate R = 1/2 in a Gaussian channel with M = 4 decision
quantization levels at the modem output. An additional performance improvement of about 1 dB over the input
noise level confirms the usefulness of separate-branch codes decoded by means of MTD in such channels, too.

6.12

Coding in non-uniform power channels

Let us consider another coding variant that contributes to a significant saving in transmission power, which is
a normal requirement for codes.
Suppose that two different non-uniform power (NUP) channels for information and check symbols are used to
transmit coded data. Suppose that the total channel power is fixed and the challenge is thus to ensure that the
communication system operates at the maximum code rate. It is clear that in such a two-channel system, the
channel with more power should be used to transmit the code information symbols, and the channel with less
power should be used for the check symbols. In this case, it may be expected that MTD will be more viable at
lower average power in the communication system, or, which comes to the same thing, at a higher code rate,
compared to conventional BSC.
It should be noted that even with optimum decoding in NUP channels, the characteristics of the codes used
will be significantly degraded due to the fact that the nearest code words in SOC at a distance of d differ in
(d-1) check symbols. However, they are transmitted in such channels in more stringent signal/noise ratio
conditions and thus with higher error probability. Hence, in NUP channels, the boundary of MTD efficiency
will shift to the area with higher channel noise levels, but the reliability of its decisions will significantly
decrease.
An example of MTD use in such an NUP channel is shown in Fig. 6.15. Curve 2 depicts the characteristics an
MTD based on Xilinx FPDs developed in 2004 in a conventional Gaussian channel (MTD), curve 1 the lower
efficiency boundary of the SOC code used with d = 11, and curve 4 the characteristics of use of this FPGA in
an NUP channel. In both cases, MTD is used in a conventional convolutional version of FPGA. It is assumed
that the power of the check symbol channel is reduced by about half, so that the power of the information
symbol channel is increased by about 1.5 times. For purposes of comparison, Fig. 6.15 shows a graph for a
conventional Viterbi decoder with constructive code length of K = 7 (curve 3).
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FIGURE 6.15
Characteristics of MTD based on Xilinx FPGA in conventional Gaussian and NUP channels

As follows from a comparison of conventional MTD and this decoder functioning in a Gaussian NUP channel,
the latter allows operation at a noise level about 1 dB higher than in the standard case without changing other
coding parameters. The only change is the number of iterations in MTD from 9 to 25. This always the case if
the decoder switches to operation in an area with a much higher noise level.
It is also obvious that MTD in an NUP channel provides a lower level of reliability than in a conventional
channel. On the other hand, of course, operation at a low signal level is more than desirable.
The analysis showed that with Eb/N0 ≈ 2 dB, MTD in NUP channels already works with an efficiency close to
optimal for this system of channels, and MTD errors are actually distributed randomly and independently. In
other words, after MTD we again have a channel that is very close to a classic channel with AWGN. This
means that a second external code with code rate R ≥ 0.097, forming with MTD a simple sequential
concatenated scheme and introducing code gain losses of 0.1 dB at most, will ensure overall reliability of up
to Pb(e) of the order of 10–6to 10–8 with negligible complexity for the second decoder.
Note that the forms of organization and specific methods of NUP-channel implementation are very diverse and
highly dependent on the signal system with which the MTD decoder must interact.

6.13

Use of MTD in channels with complex error-flow structure

When using MTD in channels with a burst noise component, as the authors’ own results have shown, the main
outcome is successful correction of even fairly long error bursts. This is primarily due to the fact that MTD
does not explicitly perform interleaving of symbols of the messages being transmitted, but, using codes with a
low d/n, it is just as if it did.
Useful demo software with MTD algorithms in superfast versions can be downloaded from the dedicated SRI
RAS and RSREU websites (at www.mtdbest.iki.rssi.ru and www.mtdbest.ru). These application programs
allow, in addition to error correction in a Gaussian channel, correction of error bursts whose lengths can be
varied in these programs within wide limits.
Thus, in respect of a wide variety of channels with complex error structure, it should be noted that MTD can
be successful in such communication networks, too, as it is well placed to adapt to specific coding application
conditions in different data transmission systems.
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Adaptability of MTD algorithms

The above properties of MTD algorithms allow us to draw conclusions regarding their high performance,
which can be achieved in various systems. It should be borne in mind that coding systems may be subjected to
10-20 or more separate constraints, some of them possibly contradictory. In this regard, it is useful to consider
the interactions between different parameters of MTD-type codes and decoders, as this will enable us to select
the most suitable combinations for a particular communication system.
Note first that the high MTD decoding rate in hardware implementation is possible due to the fact that the right
choice of codes and decoders maximizes our ability to “parallelize” error-correction operations. To achieve
such high rates, you have to choose a convolutional code which allows the easiest implementation of the fastest
decoder. To ensure MTD operation at high noise levels, you increase the number of iterations and find a long
enough code. All three decoder parameters discussed increase decoder decision delay, which is an entirely
acceptable way forward in high-speed communication channels.
Conversely, in cases where maximum decoder performance is not required, you can decrease the length of
codes and number of iterations. If this fails to suffice, you can switch to block codes. Decision delay can then
be dramatically reduced to values equivalent to the length of the selected code. If, however, the decoding
efficiency decreases, you can increase the number of threshold elements working in parallel, which, in turn,
will reduce decoding time.
Finally, if minimal decision-making delay is required, for example, in low-speed channels, you can use more
complicated coding structures. Such structures allow a significant increase in the computational load for each
decoded symbol or some of their groups. Later, at an acceptable rate reduction, you switch to the software
error-correction methods which, as noted above, are possible within multithreshold procedures.
Thus, for MTD algorithms, different and varying interactions are possible, over a wide range of values,
between code and decoder parameters (decoder memory, decision delay, number of operations per bit,
redundancy, code block length, noise level, type of decoding implementation, parallelization ability). Block
length, decision delay, performance and memory capacity may vary by up to two or three orders of magnitude.
This basically allows us to find acceptable trade-offs in the design of various communication systems. Note
that the material in this chapter suggests a wide range of reasonable ratios of these parameters for MTD
algorithms that are not available for some other decoding algorithms.

6.15

Conclusions

The methods outlined in this chapter develop ways of using MTD in various code structures, both conventional
(concatenated schemes, including parity-check codes) and new (parallel concatenation, separate-branch codes,
multi-position signal systems, unequal error protection codes and non-uniform power codes). They
demonstrate highly effective performance in terms of the critical coding criterion: code gain.
In many cases, the CG and performance values obtained with MTD algorithms are better than similar data for
schemes that are very complex to implement, such as classic concatenated codes and many other code
structures.
The research data on new codes and MTD presented here have been successfully applied in various
organizations, including for the creation of multithreshold decoders based on FPGA and as a part of the
software of a wide range of communication systems.
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Summary
December 2013 marked the fiftieth anniversary of the publication of the seminal book by J. Massey, amazing
for its depth and clarity, entitled “Threshold decoding” [124]. In recognition of Massey’s work as the most
important event in the history of error-correction coding theory and methods, the authors of this book stepped
up their efforts to mark this event by preparing for publication a consolidated review of their research on the
further development of exceptionally simple majority decoding methods for linear codes. In this regard, we
trust that at least some of the multithreshold decoding (MTD) methods presented in this book will be genuinely
useful for today’s communication experts. The successful creation in recent years of no fewer than five
generations of MTD hardware at NIIR and the Voronezh Communications Research Institute supports these
expectations.
Let us briefly enumerate the fundamentally new results obtained, which place MTD methods at the very
forefront of the global challenge of developing error-correction algorithms for channels with a high noise level.
First, throughout this book on MTD, the unity of block and convolutional codes is constantly highlighted. In
international research on coding problems, up to now these classes of codes have been, and continue to be,
placed in opposition to one another, whereas MTD, even by virtue of its fundamental properties, emphasizes
the relationship between them, especially at the application level.
Further, this publication undoubtedly constitutes a comprehensive statement of the foundations of a new
optimization error-correction coding theory. Its major achievements are the core multithreshold decoding
theorem for BSC, in which the theory of MTD methods has its origin, and a number of other similar theorems
for various types of channels and coding schemes. All these important results testify to the key properties of
various iterative MTD algorithms, whereby all changes in decoded symbols always lead to new intermediate
decoder decisions of strictly increased likelihood. There are no – and probably will not be any – comparable
examples of these key properties for other really simple error-correction algorithms.
Then, in order to provide the MTD algorithms with the most appropriate codes, special optimization methods
were employed to find classes of codes that are almost unaffected by the error-propagation (EP)effect, i.e.
clustering of errors at the output of the threshold type decoder. All previous approaches adopted to studying
the EP effect failed to yield any constructive solutions to implement the idea of repeated and, especially,
multiple error corrections. The properties of the MTD algorithms and codes with minimal EP described in the
book create very specific conditions for the implementation of simple decoding methods that work at a high
channel noise level.
It must be emphasized that the property of MTD decisions to approximate to the optimum decision and the
results of the entirely new analysis of the EP effect have yielded fundamentally new decoding conditions by
addressing the problem from two angles at the same time (the algorithm and the codes). It has emerged that,
in many cases, even at high noise levels, an MTD decoder actually reaches the decisions of optimum exhaustive
search algorithms for a given number of error-correction iterations. Meanwhile, the actual complexity of MTD
algorithms increases only linearly with the code length, i.e. from the theoretical point of view they exhibit
minimal complexity of implementation.
Yet, MTD procedures do not belong to best practices and, after describing the solution of two difficult
problems – the choice of simple good algorithms and the most suitable codes for them – the bulk of the book
is effectively devoted to methods of improving MTD efficiency at the highest possible noise level. In so doing,
all of the proposed methods to improve MTD-type algorithms were always strictly selected according to the
criterion of minimum complexity, both when evaluating them in terms of the number of operations performed
and in calculating hardware implementation performance.
For various codes used in MTD and for most variants of decoding based on this method, some useful upper,
lower and average performance estimates are given. Any reader requiring further estimates of the errorcorrection performance of the codes and MTD algorithm can consult our Reference Book on codes [1], the
specialized SRI RAS scientific and methodical bilingual website on coding methods at
www.mtdbest.iki.rssi.ru, and the similar RSREU resource at www.mtdbest.ru. Based on the data this book,
it is possible to perform computer simulations to verify points or doubts for any scheme. Moreover, the above
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portals offer detailed answers to questions that are often asked by readers wishing to improve their
understanding of error-correction coding problems.
Assessments of software implementation complexity show the advantage of MTD over other methods (more
than two decimal orders of magnitude) in terms of the number of operations per bit with comparable efficiency.
In several variants of typical sets of coding parameters, it emerges that difference in complexity at high noise
levels exceeds four orders of magnitude for – at the same time (!) – two to five orders of magnitude higher net
reliability. This is a rare instance in the history of the development of digital processing methods.
Currently, codes have been formulated and specific software MTD decoders developed that have been
standardized for digital channels of a special television system. It is hard to call to mind any other similar
solutions in the development of digital communication technology. MTD decoding rates can be further
enhanced with specialized microprocessors. It is thus unlikely that any other sufficiently effective methods can
be simplified to the same extent. Some software demo-versions of MTD available from portals [86] can decode
flows at speeds of above 30 Mbit/s at a very high noise level on standard PCs.
The results of hardware implementation of MTD for FPGA Xilinx and Altera demonstrate the possibility of
achieving an absolute degree of parallelization of calculations. This capability of what is theoretically the
fastest MTD implementation has been patented and successfully implemented on a standard FPGA through
the creation of an appropriate adaptive threshold element scheme and flexible selection of the necessary
differential relationships in the generating polynomials of the code used. It is this absolute parallelization of
MTD operations that ensures its ultra-fast performance. Such an ideal simplification with hardware MTD is
rather difficult to achieve for other algorithms, and so MTD may genuinely be considered as the undisputed
leader among other methods in terms of hardware decoder performance, too. Thus, the advantage of hardware
MTDs – outperfoming other similar decoders by two to three decimal orders of magnitude higher speeds –
may also be considered fully achieved.
Let us emphasize that MTDs simply decode very long codes, which are the only ones capable of supporting
the effective implementation of error correction at high channel noise levels. This is a prerequisite for any
codes. MTDs can use many types of block and convolutional codes of any length, the most noteworthy being
self-orthogonal codes for which decoding is particularly simple to implement.
As further emerges from the content of the book, symbolic codes were discovered 30 years ago. The main
qualities that set them apart were ease of coding and decoding, totally independent of code lengths and symbol
sizes [11, 117]. As can be seen from the results for symbolic codes set forth in this book, in similar operating
conditions in terms of noise level they outperform any decoder of Reed-Solomon codes, by three or more
orders of magnitude in terms of error probability and by about the same amount in terms of speed. This, as in
binary codes, is due to the fact that the MTD successfully, very easily and almost optimally decodes very long
codes. Decoders for long RS codes, on the other hand, are very complicated. And it will be remembered that
it is also very difficult to create an efficient Viterbi algorithm among non-binary codes. Hence, symbolic (nonbinary) MTD is an excellent example of a decoder that is completely unique in terms of speed and highly
efficient in terms of reliability, and purely and simply miles ahead of any known non-binary code and decoder
of any other type (which in fact, in reality, simply do not exist). Moreover, the fact that there are now a large
number of different known applications of RS codes (and virtually no others exist!) means that the demand for
symbolic (non-binary) codes is extremely high; yet their potential is restricted precisely by the very properties
of the RS codes. Symbolic MTDs, using very simple methods, increase the reliability of digital data stored on
a CD-ROM or transmitted, by many decimal orders. These decoders support a level of quality and integrity of
digital symbol data flows that was hitherto unheard of and is absolutely unattainable for RS decoders. In
addition, as has been clearly shown, a symbolic MTD is as very simple as its binary equivalents. Since the
speed of symbolic MTDs is also usually three or more decimal orders of magnitude higher than that of decoders
of RS codes, the advantage of symbolic codes over RS codes in terms of both speed and ultimate reliability is
indisputable. And it should again be emphasized that the emergence of the Sudan algorithm for RS codes has
not made RS codes any more attractive, on account of its high complexity compared to conventional decoders
for RS codes, for very little improvement in total reliability.
MTD can also be used for compression of digital data concurrently with error-correction coding, in particular
with Bernoulli source statistics [105]. It is very important that compression is implemented at a level very close
to the theoretically maximum possible level. In addition, and very significantly, such MTDs do not fear even
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a high error density in the received compressed flows. Even in this case, they recover data with the required
high quality, not detecting any signs of “fragility” of compressed data, whereas in other data-compression
systems distortions in transmitted data result in large error bursts in the recovered uncompressed information.
In erasure channels, MTDs work almost at the channel capacity, reducing the share of erased symbols by many
orders of magnitude in comparison to their initial density in the input digital flow. This, apparently, is also
virtually unachievable for other methods. Moreover, in this instance MTD, which recovers erased data, is still
simpler than a decoder for BSC-type channels, despite the complexity of a basic MTD being very low.
Concatenated schemes for MTD are also unique. For example, in concatenation with parity-check codes
(PCC), it is sometimes possible to manage with just one or two additional decoder operations per bit, while
retaining all the advantages of concatenated schemes in terms of efficiency. This is absolutely nothing like the
decoding complexity of concatenated schemes with RS codes, which are nonetheless sometimes very strongly
inferior to the simplest schemes with MTD and PCC.
The same high performance is exhibited by concatenated schemes for symbolic codes. Concatenation with
modulo q check codes, symbolic Hamming codes and symbolic self-orthogonal codes ensures such low
decoding error probabilities even at a very high noise level that cannot be achieved by other feasible methods
in the foreseeable future. And, extremely importantly, the implementation complexity of these schemes is only
linear.
Particularly useful and effective are MTDs for parallel-concatenated codes, which possibly came on the scene
much earlier than pretty well all other sufficiently efficient parallel concatenation methods. MTD also works
well with a variety of complex multi-position signal systems which compress the spectrum of the transmitted
signal significantly in relation the traditional binary PM2.
Useful results have been obtained for MTDs when using unequal error protection codes and non-uniform
channel power codes, and in the case of MTD for separate branch codes. This confirms that MTD decoders
can be easily adapted to the conditions of their use in communication systems.
Note that without a soft modem, which is a mandatory feature for most other efficient algorithms, MTD will
become very much simpler, with only a very moderate decline in its power performances. It should be
emphasized that the ability to work in channels which are not applicable for soft modems is also a valuable
advantage of MTD.
The most important step of MTD design is optimization of many of its hundreds of parameters. This is a good
example of the use of powerful modern computer technology and of the same adaptation and optimization
methods that are employed by the MTD itself in the design of these extremely useful algorithms. It makes it
possible to achieve an additional increase in the resulting decoding reliability through a very significant
improvement in MTD characteristics, sometimes by one to two orders of magnitude, without any increase in
the number of operations in the final version of this decoder after optimization. No other error-correction
methods have such a powerful additional means of improving efficiency without incurring any increase in total
complexity.
In general, the whole MTD concept is based on ideas of optimization of the functionals of a very large number
of variables at all three stages of design and operating control of the algorithm. In developing an MTD, the
first step is to identify (using a variety of criteria) codes which are minimally exposed to the error-propagation
effect. Next, in selecting common criteria and decoding parameters, the check weights, decision thresholds of
majority elements and individual difference parameters of codes in the selected decoders are optimized by
selecting the required values. The third step of the optimization design is operating control of the MTD itself,
which also employs an optimization algorithm that minimizes the distance between the MTD decision and a
message received from the channel. It is precisely the conjunction of this set of powerful optimization routines
in all three main stages of the design and control of an MTD’s characteristics that culminates in achievement
of the resulting high performance of this algorithm.
MTD offers a lot of scope in terms of constantly interchangeable parameter values: memory, decision delay,
number of operations, performance, code size, redundancy, channel noise level and code gain. It is always
possible to choose these decoder parameters in such a way as to design and create the required type of MTD
device to meet any practically coherent technical purpose.
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Finally, it must be emphasized that all these absolutely fundamental practical results are the fruit of serious
theoretical research, many decades of development of very powerful test benches and software for the design,
testing and monitoring of MTD based on various FPGAs, and the establishment of simulators of digital
channels and hardware mock-ups of new decoding algorithms.
There is one further key aspect of the multithreshold decoding associated with the MTD decoder design
technology described above. Alongside the 40 years of research in the area of MTD, over the years software
and hardware media have been created for different basic computers, goals and benchmarks, evolving quickly
in line with the rapid development of digital technology. Today, specially designed system software for
research, optimization and design of MTD forms part of effective application suites that are continuously and
intensively evolving.
A special place in the dynamic development of MTD methods is occupied by the first results relating to MTD
operation directly in the area where the code rate R is close to the channel capacity C, i.e. R ~ C. More
information on this new complicated area of MTD research, which promises to be very interesting, is presented
in [125] and Appendix 3.
In summary, MTD research is founded on the concept of modern optimization error-correction coding theory,
as well as on powerful, dynamically evolving software and hardware that has dozens of features and
capabilities, not even discussed in this book. All of this creates the conditions for the successful pursuit of
further research and development, but also highlights the difficulty that specialists who have not worked
previously in the area of MTD decoders will face in acquiring the necessary amount of knowledge and
experience. If they are open to intensive cooperation, however, then through collaboration with the developers
of MTD algorithms they will certainly be able to quickly reach the level required to engage in really serious
further research in this area. The continuation of successful research into MTDs will depend on the continuing
and rapid development of all the research tools and software for further development of this method, as well
as comprehensive and in-depth training in the area of research and development on MTD algorithms, which
spans many areas.
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Appendix 1
List of abbreviations
AWGN

additive white Gaussian noise

APM

amplitude-phase modulation

BCH

Bose-Chaudhuri-Hocquenghem code

BER

bit error rate

BSC

binary symmetric channel

CG

code gain

EMTD

erasure channel multithreshold decoding/decoder

EP

error propagation

FPGA

field-programmable gate array

FTMTD

fundamental theorem of multithreshold decoding

FTQTMD

fundamental theorem of symbolic multithreshold decoding

ITU

International Telecommunication Union

LDPC

low-density parity check

LEIC

Bonch-Bruevich Electrotechnical Institute of Communications (St Petersburg)

LSI

large-scale integrated circuit

MTD

multithreshold decoding/decoder

nHDTV

new high-definition television

NII

Scientific Research Institute

NIIR

Radio Scientific Research Institute

NUP

non-uniform power channel

OCL

optical communication links

OD

optimum decoder

PC

parallel code/coding

PCC

parity-check code

PGF

probability generating function

PM

phase modulation

PrC

parallel concatenation

QAM

quadrature amplitude modulation

QMTD

q-ary (symbolic) multithreshold decoding/decoder

QSC

q-ary symmetric channel

QTD

q-ary threshold decoding/decoder

RAS

Russian Academy of Sciences
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RS

Reed-Solomon code

RSREU

Ryazan State Radio Engineering University

SES

symmetric erasure channel

SOC

self-orthogonal code

SRI

Space Research Institute of the Russian Academy of Sciences

TD

threshold decoder

TDJ

threshold decoder with “jinn”

TE

threshold element

UEP

unequal error-protection code

UP

unequal symbol protection code

VA

Viterbi algorithm
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Appendix 2
Recommendations for further research
Based on the level of capabilities of MTD algorithms already attained, it is possible to formulate new issues
that should be addressed in order to make quick progress on the development of MTD:
1)

Since the area of operation of MTD is currently above the Shannon power boundary around 1 dB,
continue and expand the search for conditions for MTD operation near channel capacity R ~ C.

2)

For some systems that might not need the record performance levels of MTD, it would be worth
allowing a slight increase in complexity of operation of a threshold element in MTD, i.e. find the
function which offers the optimal trade-off between complexity and far greater efficiency than a
regular threshold element.

3)

Continue the development of concatenated coding methods, paying special attention to parallel
concatenation and separate branch codes.

4)

Separately elaborate concatenated symbolic codes, having first enhanced the efficiency of
conventional symbolic MTD by a few more orders of magnitude in terms of reliability (even
though MTD’s advantage over decoders of Reed-Solomon codes is already more than
considerable). To this end, it would be useful to consider a variety of schemes, including parallel
concatenation.
Widely develop research on MTD with complex multi-position signal systems. This is always
necessary unless there is a need to reduce the transmitter power.

5)
6)
7)

Continue the development of systems for simultaneous coding of a channel and various types of
source. This is essential for telemetry.
Continue the identification and analysis of effective coding methods for block codes, since MTD
computing capabilities are not used in the best possible way for theses codes.

8)

Develop the area of non-uniform power, a field which will ensure rapid and successful growth in
code gain with minimal effort.

9)

Create effective new decoders for unequal error-protection channels. Some of the tasks involved
here are fairly simple, but these applications call for fine optimization of codes.

10)

All of the above tasks require the creation new classes of codes with a low EP level, which are
essential for ensuring the further development of MTD methods.

11)

It is high time to create MTDs with high power efficiency, based on the best known
microprocessors.
Continue efforts to further reduce the volume of computation in MTD at high noise levels. This
will facilitate the achievement of highly efficient operation of MTD algorithms for extremely low
signal/noise ratios.

12)
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Appendix 3
Latest results for error-correction coding methods
A3.1

Decoding near the channel capacity

The successful application of codes with majority decoding in channels with high noise levels, as demonstrated
by the analytical estimates and experimental data presented in this book, allows us consider the application of
MTD decoders and other algorithms, for both binary and symbolic codes, in the area of signal/noise ratio where
the code rate R is close to the channel capacity C.
The challenge of implementing error-correction codes for channels with a noise level in the vicinity of the
code rate R and channel capacity C, i.e. when R ~ C, is becoming more feasible thanks to increasing throughput
of hardware components and possible length of the codes used. Below, the characteristics of self-orthogonal
codes and some decoding algorithms with a high noise level are detailed more specifically. In this case, we
will not discuss the implementation of very simple algorithms, but only consider the potential of some errorcorrection methods.
It should be recalled that there are a number of publications that point to the possibility, in principle, of
achieving very effective operation, in particular, of LDPC codes directly in the area of R ~ C [126]. However,
it is obvious that the problem of constructing codes that are effective at the code efficiency boundary and of
creating the most suitable decoding algorithms in terms of real feasibility has still not been formulated. The
attempts to somehow approach and address these problems as ordinary and feasible tasks therefore remain
heuristic. It has to be noted that, at present, all the relevant codes and algorithms that may exhibit acceptable
error-correction performance in this area are very complicated. However, there is no doubt that any new
interesting results in this difficult area of research in coding theory should be welcomed.
Let us recall that restrictions on the code rate imposed by the Shannon theorem can be interpreted as follows:
as the code length n increases, there is no exponential decrease of decoding error probability of the transmitted
code block, if R > C. Nonetheless, the error-correction performance of specific codes deserves analytical or
experimental investigation. In some cases, the codes might be quite acceptable.
The importance and prospects of careful analysis of the area R ~ C for communication systems also hinge on
the fact that, when considering coding efficiency, the criterion on which the coding quality assessment is
founded is very often bit error probability Pb(e) rather than block error probability PB(e), as always implied
when defining CG levels of certain algorithms.
Let us consider possible solutions to the problem of decoding at extremely high noise levels in terms of
providing acceptable decoding performance for bit error probability Pb(e). Note that there are quite a lot of
code classes such that all code words in them, of course, being at a distance d, d > 1, from each other differ,
however, only in one information symbol. It can be assumed, then, that even in the case when block error
probability is close to 1, i.e. when PB(e) ~ 1, it may happen that the bit error probability Pb(e) will nonetheless
be of the order of Pb(e) ~ 1/nR << 1. Finally, let us recall that such codes, of course, also include conventional
SOC codes, which have been considered in other sections of this book. Taking into account that, at a high
noise level, acceptable coding performance can only be provided by very long codes for which n >> 1, it holds
that all the new MTD decoding methods discussed in this book may be considered in terms of solving the
problem of long code decoding near the bound R = C. Let us note that these arguments are valid if high level
of noise arranges true code word transitions into the other nearest code words. But the reality of this situation
needs to be justified, which is too difficult.
For further discussion, let us consider Fig. A3.1. It shows possible performances of codes with code rate
R = 1/2 and minimum code distance d = 9. The noise level in a Gaussian channel is plotted along the x-axis,
and the bit error rate (BER) along the y-axis. The bottom line L1 corresponds to the lower estimate for Pb(e)
of the best self-orthogonal code (SOC) [105, 131]. The vertical line at Eb/N0 = 0.2 dB marks the noise level for
which R = C = 1/2, and the line p0 the probability of error in a binary channel (BSC).
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FIGURE A3.1
Performance of codes with code rate R = 1/2 and minimum code distance d = 9 in a Gaussian channel

The experimental curves obtained by computer simulation correspond to various codes with R = 1/2 and d = 9.
Curve AV relates to convolutional code decoding. The length of the coding register is K = 22 (!), i.e. this code
for VA has the constraint length nA = 44. The form of the curve means that, even in the case of the hugely
complex VA algorithm, results at R ~ C are quite modest. This is not surprising, since we have selected a short
code.
The graph Opt1 shows the simulation results for SOC with length nA = 150. These data were obtained by
optimization of MTD. First, the correct error-free decision was inputted to the decoder. Then, the decoder
optimized its decision, i.e. searched for new code words that are closer to the received message than the correct
message itself. The closest MTD decisions were chosen for each noise level over many experiments. It is clear
that the choice of SOC has defined less error clustering at the output of the MTD, leading to a significant
decrease in the decoder error probability.
Finally, the graph Opt2 shows the capabilities of a very long code with nA ~ 104 and a minimum errorpropagation (EP) level. The result was obtained by the same optimization method as in the previous simulation.
It already shows significant approximation of the capabilities of this code to the lower estimate of the error
probability L1 for codes with d = 9.
Even though this last graph with R ~ C lies above the level Pb(e) = 103, the data shown seem to point to data
transmission with not very high reliability, at least for now, unless we learn to decode very long codes, for
example SOC in the area of high noise level. Since even the Viterbi algorithm in the above experiments did
not give any satisfactory results, however, practical application of the described potential is still far away.
There is no doubt that performing the same research with codes having d = 11 to 15 will secure a significantly
lower error probability of codes in this area. However, the complexity of such research is too great.
Application of the optimization methods described in this book to control codes for which rather precise OD
probability values Pb(e) are known suggests that the real probabilities Pb(e) of codes used in the experiment
will be no more than two times larger than the values shown in Fig. A1. This is sufficient to consider the MTD
simulation data obtained as being useful for further research.
The problems of decoder implementation complexity for the area R ~ C require special consideration.

A3.2

MTD decoding for flash memory

Decoders for the effective operation of unreliable flash memory are undergoing very intensive development.
It is very important that decoder bit error probability Pb(e) for this case be very low. Moreover, requirements
continue to evolve towards more and more stringent levels of Pb(e). Currently, the required probability
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threshold lies in the realm of Pb(e) = 1012 to 1015. New required memory reliability values will very soon
become much more impressive, and probabilities Pb(e) ~ 1018 will no doubt soon be on the agenda.
Before entering into discussion of our variants in respect of the creation of flash memory decoders, it is very
useful to understand the place occupied by coding theory and its influence in regard to the challenge of reliable
data storage on the basis of an unreliable memory array. In constructing satellite communication systems, it is
necessary to secure maximum throughput of what is an expensive project without the need for changes in
hardware over many years to come. If transmitter power is limited, then the project faces the classic dilemma,
and engineers have to create very good channel decoders to ensure the best satellite channel usage. Exactly the
same situation may arise in other systems where data transmission speeds are constrained by the power of
communication channels.
To simplify consideration of unreliable memory, it is frequently sufficient to think about a memory array as a
channel with a certain probability p0 for every unreliable elementary bit. On the basis of this assumption,
standard coding methods may be used, improving memory array reliability to the necessary high level.
However, the actual development of flash memory production is, in fact, an entirely different process
altogether.
This technical problem has two important features. First: flash memory decoders must be extremely quick and
hence very simple. Second: they do not have to approximate to channel capacity C, because for memory arrays
this formally defined parameter is an obvious fiction. Since “transmitter power” does not exist for memory
chips, and memory size has been increasing rapidly and strongly in production for many years now and will
continue to do so in the future, it is not necessary to use chip memory with total effectiveness. Thanks to
technological progress, any “memory usage deficit” will be compensated in no time at all by larger memory
capacities in every new memory chip. So there is little reason to economize particularly on the amount of chip
memory assigned for check symbols of the chosen code. Clearly, this does not mean that it would be wise to
consume 70% - 90% of chip memory for check code symbols: every chip has a price, and the customer must
get a large enough amount of useful memory for his real needs. However, for the purposes of very fast decoding
and providing real guarantees of very reliable error correction, it is not necessary to create a decoder with code
rates R ~ 0.9 to 0.95 or even more. It is absolutely feasible in this context to use flash memory codes with
R ~ 0.7 to 0.8, which will already make a new decoder ~30 to 200 times faster and more effective.
Furthermore, it is quite possible that within the next year or so it will be necessary to create a memory chip
decoder with R ~ 0.5. For now, let us put aside discussions about future decoding perspectives in this field.
Figure A3.2 shows the performance of a block code MTD decoder assigned for flash memory. The main
parameters of the decoder were chosen to match the requirement of fast and simple operation. The x-axis
corresponds to the bit error probability p0 in a BSC channel – the probability of occurrence of error in the chip
memory for an arbitrarily chosen bit. Errors in the chip occur independently, and the decoder bit error
probability Pb(e) is shown on the y-axis. The MTD decoder received only “0” or “1” and did not estimate
reliabilities of input bits. A code rate R ~ 0.75 and MTD for a block code with length n ~ 32 000 bits were used
in computer simulations for cases with various minimal code distances d. Lower estimates of Pb(e) for optimum
decoding (OD) of the codes used are shown by curves Opt1 to Opt3. For Pb(e) ≥ 1012, MTD decoding with
I ~ 30 iterations was simulated for a channel with p0 > 0.01, as shown by curves Dec1 and Dec2. They provide
good illustrations of very fast and quite successful decoder operation. MTD algorithms offer broad potential
for adaptation to chip memory error. Full-scale simulations for the lower part of curve Dec3 (point K0) were
not performed, as this would entail a very long and time-consuming process. The lower right edge of this
dotted line at the point p0 = 0.012 in this specific case corresponds to parameter 1/N, where N is the magnitude
of the experiment to be carried out. The positive behaviour of the previous simulation curves Dec1 and Dec2
helps to understand also that curve Dec3 will achieve curve Opt3 for channel p0 ~ 0.011 to 0.010. Higher
precision in simulation results could be achieved through hardware test bench simulation.
The extreme simplicity of the MTD simulated here is demonstrated by the large number of decoded bits in
these software experiments.
Preliminary estimations of MTD parameters for a channel p0 ~ 0.045 show the real possibility of applying
MTD for such a high noise level in memory chips as well. But it is necessary to use a code with length n ~ 105
bits and code rate R ~ 1/2.
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So the MTD algorithm displays very attractive performance for flash memory decoding. There is no other type
of very simple decoder offering similar extremely effective and very fast processing.
We have recently found new codes with improved characteristics for the use of MTD algorithms in flash
memory applications, which open up new possibilities for broad use of MTD decoders.

FIGURE A3.2
Performance of MTD algorithm for flash memory decoding in the case of independent errors

A3.3

MTD decoding for optical channels

The growth in data transmission volumes in all systems is becoming increasingly significant. It is facilitated
by the development of telecommunications, stereo-video systems, satellite broadcasting and new standards for
high-definition television (nHDTV). Optical communication links (OCL) play an important role in supporting
optical digital data exchange.
The main requirement for optical systems in terms of coding and subsequent decoding is the need to provide
for extremely fast data processing, i.e. decoding at the receiving end of an OCL, since the speeds of such links
are usually far higher than those of electronic systems [134]. ITU Recommendations on the relevant coding
applications [132, 133] indicate the need to choose only the fastest decoders for communication channels of
this type. It is obvious that the fastest decoders will consist only of a large number of the fastest microelectronic
elements – large memory modules or long shift registers. Moreover, they should not have such long feedback
chains as to greatly reduce the rates of data flow through the registers. These constraints rule out all kinds of
polynomial division circuits and many other units performing complex calculations.
Some experts [135, 136] advocate increasing the code rate R used, but this is also to no avail, as already
discussed in regard to the requirements for decoders for flash memory. Restrictions on the code rate R in OCL
data transmission systems are not subject to particularly strict limitations associated with the transmitter signal
power. This means we can do without a strong increase in the code rate R. In this case, we create the conditions
for a significant simplification (by a factor of between 10 and 100) of the decoding procedures. Physical
decoding speeds for middle code rates R can also increase decoder speed tenfold simply through the choice of
a simpler decoder.
Figure A3.3 shows the performance of various MTDs for convolutional codes with code rate R = 4/5 in
Gaussian channels.
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FIGURE A3.3
Multithreshold decoder (MTD) performance for R = 4/5 in Gaussian optical and satellite channels

The MTD decoder consists almost exclusively of shift registers without long feedback, and performs only
simple addition and comparison operations that speed up its throughput at high transmission rates. Moreover,
a Russian patent [123] has solved the problem of the “as if instantaneous” appearance of threshold element
(TE) decisions in the MTD. These technical solutions make MTD the theoretically fastest processing device,
since in this case the decoder shift registers move data at their highest possible speed, because decoder TE
estimates always occur just at the time when the data are shifted in the registers. Thus, the data in such a
decoder always “fly” through its shift registers as fast as possible for the selected hardware components.
Furthermore, MTD algorithms are particularly effective at multiple code rates, for example, when using codes
with R = 12/15 rather than R = 4/5, when working with 12 information and 3 check registers or even codes
with R = 24/30, etc. So these decoders will be even more fast-acting. Moreover, it is always possible to
implement simple parallel use of MTD in coding and decoding lines.
Curve 1J shows the capabilities of a rather complex use of MTD decoder by Japanese experts [135, 136].
These schemes include some feedback data transfer circuits, significantly reducing the circuit speed, which
would be higher without them. Curve 2Dec shows an MTD decoder that uses a code whose lower OD estimate
corresponds to curve 2Opt. In software MTD simulation, even for a fast algorithm, the sheer required
magnitude of the experiment at a level Pb(e) < 1015 makes it impossible. So curve 2Dec, at its lower right
point, corresponds to MTD simulation and complete absence of errors at its output. This point marks in this
graph the value 1/N, where N is the magnitude of the experiment, i.e. the number of decoded bits in a Gaussian
channel. We may add that we have carried out similar experiments for other codes with slightly lower values
of the minimum code distance d. They showed that, in all these cases, as the ratio Eb/N0 increased, the
probabilities Pb(e) for MTD with such codes fell very sharply, and MTD performance reached an OD level at
Eb/N0 ~ 3.7 dB. This situation is simply a repeat of the parameter properties of MTD for flash memory, depicted
in Fig. A3.2. The results of experiments with MTD for OCL thus suggest that this code will enable the OD
level, determined by a lower estimate 2Opt, to be reached at the same noise level ~3.7 dB. However, should
this not occur, achieving an OD level at least for Eb/N0 = 3.8 dB will be warranted. Of course, much more
accurate estimates of MTD capabilities can be obtained using hardware test benches for MTD decoders.
This MTD entails no more than 45 iterations. For fast optical channels and for many satellite communication
links, it corresponds to a very small size of shift register memory.
A full-scale hardware test bench of a very simple MTD decoder for optical and satellite channels with a data
decoding speed of more than 1 Gbit/s, constructed in accordance with patent [123] in the Space Research
Institute of the RAS in Moscow, Russia, is shown in Fig. A3.4.
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Decoder for the space,
optic lines
and flash memory

FIGURE A3.4
MTD decoder prototype with simple FPGA Altera for optical and satellite 1 Gbit/s Gaussian channel

The last curve 3Dec in Fig. A3.3 corresponds to MTD usage in the case where very small error probabilities
at the output of the decoder by conventional non-concatenated coding methods are unnecessary. It is worth
noting that curves 3Dec and 2Dec correspond to MTD operation at a significantly higher noise level than for
the decoder whose characteristics are given in curve 1J. The MTD represented by curve 3Dec takes about
0.5 Mbit code symbols of decision delay at 25 iterations of convolutional code decoding.
It is clear that the ability to operate at a high noise level allows all the algorithms shown to be used with
different MTD variants in various concatenated circuits [69, 70, 90, 105, 122], too. The authors of [135, 136]
used parity-check codes in order to arrange concatenation for a very complicated MTD. They took these
methods from [86, 89, 105, 137], where the latter’s high efficiency in concatenation schemes was analysed in
detail. What is more, the relevant materials were sent directly to these authors at their request. Unfortunately,
the authors in question omitted to cite any references to original sources (and indeed continue to fail to do so
in their other publications).
All the results for the three MTD variants which are shown in Fig. A3.3 for the above-mentioned concatenation
schemes, as with other external codes, will certainly be improved. In the first case, curve 1J has already been
improved slightly, because concatenation parameters were not chosen optimally. The real performance of the
second non-concatenation code is better than in concatenation schemes [135, 136]. Particularly notable is the
case of concatenation for the third code. The parameter improvement here is due to a higher noise level than
for the previous two codes. In concatenation of all types, however, it is always necessary to take additional
measures so as not to reduce the speed of processing to any significant extent, as this violates the principle of
“instant” error correction in MTD when moving through the decoder registers.
In summary, according to various groups of researchers, the application of a very fast MTD is extremely
promising and makes it possible to obtain high code gain efficiency as recommended in ITU documents
[132, 133].
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Final author’s comments
In the present monograph and in Appendix 3 we submitted the results of new MTD algorithms researches
which have changed fundamentally our current comprehension of the complexity, speed and – most
importantly – the effectiveness of coding methods based on the optimization theory.
Absolutely having no any restrictions on processing power binary MTDs now provide any necessary level of
CG. They are not even always needed in concatenated coding scheme. They are workable yet below the
Shannon bound only at ~ 1 dB over the entire range of values really useful code rate R = 0.5 ÷ 0.95. In this
case, the absolute values of CG for MTD decoders may reach 10 ÷ 14 dB or even higher values. It corresponds
to more than 25 times of the energy saving, if the required reliability levels are quite significant, for example,
when necessary decoding error probability is close to Pb(e) ~ 10-12 ÷ 10-15 or even smaller. Therefore, in all
high speed communications systems with high reliability performance the MTD usage has really no alternative
by the aggregate complexity and efficiency criteria, as, obviously, 30% energy shortage of absolute theoretical
Shannon bound for any approach to the comparison of codes is very small compared, for example, with
10 times and, especially, with a 25-fold CG.
Nevertheless, of course, investigations on efficient decoding in the immediate vicinity of the Shannon bound
on the MTD algorithms basis will continue as the study of their effectiveness at equality R = C. This task is
related to a fundamental theoretical researchs, which necessarily important to fulfill with good scientific level.
But from the practical viewpoint of the fast decoders implementation for all reasonable technical parameters,
MTD coding advantage over all other algorithms is exceptionally high already now.
We also note again that the symbolic MTDs in many new systems have to replace all the algorithms for the
Reed-Solomon codes simply due to the fact that the MTDs at their implementation are in many decimal
exponents faster and easier then decoders for RS codes and at the same time (!) at the same decimal exponents
are more effective by the resulting reliability. In the history of the digital signal processing development the
cases of such a big difference in complexity and efficiency are in general unknown, which has formed now for
competing coding systems, especially in non-binary coding.
When using the coding in those systems where the error correcting throughput is not one of the main
parameters, the use of various modified MTD with special types of threshold elements also successfully solves
all the tasks of the most simple and efficient decoding for all reasonable requirements for coding systems.
Thus, the publication of this monograph is an important milestone in the development of methods of errorcorrecting coding. It marks the really completely comprehensive and successful moment of the work
completion on creation a very simple and very effective methods for correcting random errors flows in the
channels of high-speed optical, aerospace and satellite communications systems as well as ultra-reliable
storage for all typical parameters of encoding schemes.
Completion of all major works by MTD algorithms for binary and non-binary error streams creates the
conditions for the rapid development of new, simple and at the same time more efficient by reliability MTD
methods for very large databases, systems with multi-position modulation in nHDTV projects as well as for
optical communication lines, ultra-reliable flash memory and many other promising large-scale digital
systems.
"Optimization coding theory celebrates 25-th anniversary in 2015.
Our readers can find our new reports and presentations devoted to this important date at our web sites. English
version is available as well."
Authors:
V.V. Zolotarev
Yu.B. Zubarev
G.V. Ovechkin
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